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Preface

From very small beginnings during the early years of the 1960s, interest
by mathematics educators in Piagetian research broadened until at several
uniVersities students were eorking on doctoral dissertations that clearly
were almost as closely relfited to child-development psychology as to
mathematical education. liVeasiness over little evidence of close cooper-
ation between psychologists and mathematics educators led to persuading
the National_Council of Teachers of Mathematics to sponsor jointly with
the Department of Mathematical Education, Teachers College. Columbia
University, a conference on the Piagct type of research in mathematical
education. Somewhat apart, from New York City and with facilities for
housing participants, the Greyston Conference Center of Teachers College
was chosen for the site of the conference, held 18-23 October 1970.

The primary purpose of the conference was to promote more dialogue
not only between _mathematics educators but also between mathematics
educators and psychologitts. A daily schedule with much free time
seemed an excellent way to encourage small groups interested in the
same aspeet of cognitive development to get together for discussions.
Sometimes these were carried on during walks about the.grounds of Grey-
ston : sometimes a group gathered-after Jliancr in someone's room, with
the scheduled lectures serving as background. information. The discus?
sions led to new acquaintances and new understandings of both mathe-
matics and child-development psychology.

A grant from the National Science Foundation made possible the papers
that appear in this volume, the volume itself. and the participation 'of
some sixty psychologistg, mathematics educators, and doctoral students.
All participants had a deep interest in Piagetian investigations, and all
were enthusiastic about the opportunity to-talk with fellow investigators.

Myron F. Rosskopf
Leslie P. Steffe
Stanley Taback

vii
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HERMINE SINCLAIR

Piaget's Theory of Development:
The Main Stages

It?

7--
At first sight it would seem that a psychological theory that is regarded
by its author as a "by-product.' of his epistemological research and is
therefore principally directed toward the investigation of knowledge and
its changes in the history of mankind, as %veil as in the growing child, is
ideally suited to educational applications. One of the aims of education
is the festering,of knowledge, the endeavonr*to transmit to the next gen-
eration the experience of its forebears in the hope that the gun total of
knowledge will be expanded. At the same time, for many different rea-
sons, there is a general feeling that education is not good enough, that
something should be changed. that not enough profit is derived from what
is becoming a considerable number of years spent at school. It is thus
not surprising that.a number of educators -lave turned to Piaget's theory
to seek help for new pedagogical approaches. Unfortunatery, many Of
them have been disappointed; Piaget's theoretical approach has seemed
too far removed from classroom reality. Recently, others have become
very enthusiastic. seduced by the experimental situations Piaget has
imagined, and there seems to be a regrettable tendency to take Piaget's
problem situations and convert them directly into teaching situations.

Why I think this is regrettable is probably best explained by a meta-
phor: Piaget's tasks are like the core samples a geologist takes frcm a
fertile area and from whIch he can infer the general structure of a fertile
soil; but it=is absurd to hope that transplanting these samples: to a field
of nonfertile soil will make the whole area fertile. A child's reactions to
a few Piagetian tasks will enable a well-trained psychologist to give a
fair description of that child's intellectual level: but teaching the solutions
of these same Piagetian tasks to a group of children does not mean that
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the children will thereby attain the general intellectual level of the child
who can solve-the tasks independently.

Many modern school programs emphasize doing and point out that
seeing and hearing are not enough; such programs are sometimes called
Piagetian, and, indeed, one of Piaget's basic principles is the primacy of
action. However, this does not mean that children should spend all their
early school years digging in sandpits and making mud pies, progressing
to constructing buildings -out of bricks- and then to making systems of
pulleys and levers.
Educational applications of Piaget's experimental procedures and theo,
retical principles will have to be very indirectand he-himself has given
hardly any indication of how one could go about it. His experiments
cannot be modifiCd into specific teaching methods for specific problems,
and his principles should not be used simply to set the general tone of
an instructional program.

It would thus seem necessary to study Piaget's theory as a whole before
deciding which parts of it,.if any, could be applied in the classroom. The
theory is explicitly developmental and -maintains that the explanation
of the nature of adult knowledge is found by studying-the way-this knowl-
edge has been built. up; in other words, the adolescent explains the man,
the child explains the adolescent, the toddler explains the child, and the
infant explains the toddler. Even though all of you are familiar with
parts of Piaget's work, a brief description of the psychological charac-
teristics of cognitive development may be helpful. This will perhaps in-
volve a certain amount of tedious repetition of facts known to all of you.
My apologies!

According to Piaget, action, rather than perception, is the primary
source of knowledge. To know objects, one has to modify them in some
wayfor instance, simply change their position. The main division into
developmental stages is therefore based on the character of the actions
that link the subject to the surrounding world.

FRONT SENSORIMOTOR INTELLIGENCE
TO CONCRETE OPERATIONS

A first period is called the sensorimotor stage. It is a preverbal period,
or,-speaking more generally, a period of direct- action without representa-
tion. During this stage (lasting until about the middle of the second
year) the world around the subject becomes more and more stable and
organized. While at first the newborn baby seems to have no awareness
of himself as distinct from the objects around ;him, by the end of this
period he can perform the actions that assure the direct dependencies
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between subject and objects. He has now acquired object permanency, a
first cognitive invariant, as well as a first grouplike structurethe group
of displacements, as Piaget has called it. In view of the par-amount im-
portance Piaget accords to actions that modify reality, it is no accident
that his formalizations of the underlying cognitive structures are all in
terms of groups of transformationseven at the level of sensorimotor
intelligence. Constants, on the one hand, and action or operation struc-
ture, on the other, cannot be dissociated psychologically: at all stages
of development they are no more than two sides of the same coin. How-
ever, it seems advisable to separate the invariants from _their grouplike
structures for the purposes of this brief- sketch of the course of cognitive
development toward the formal operations, which are the only ones that
can be formally expressed in terms of group structures in the mathe-
matical sense of the word group.

Constants

Let me start with the cognitive constants. Object permanency, achieved
by the middle of the second year, means above all that the objects have
now become "retrievable" or "retraceable" the child no longer acts as
if they disappear completely once they go out of his perceptive field;
moreover, if they are hidden under several screens, he can recompose
their successive di.--placements and find them again. Permanent objects
are objects one can start "knowing"they are no longer only objects to
which one can react. A little later, objects-acquire an identity that is no
longer simply a function of the act of searching for them but that arises
from the child's realization that several actions can be performed on the
same object without its basic identity's being changed. For instance, a
piece of wire can be twisted into the shape of a pair of glasses or scissors,
but these different shapes do not alter the "sameness" of the piece of
wire that was used to produce them. Although the child may put the
glasses on hismose and pretend to look through them, he knows, and will
say so if asked, that it is the same piece of wire that was used earlier for
something else. The next step toward the establishment of quantitative
constants is taken when the child begins to make a distinction between
permanent and impermanent qualities of objects. The colour, suppleness,
and material of the wire are permanent, but its shape is not. For children
below the age of, say, seven, certain changes of shape imply a change in
length. Nevertheless, the identity of objects has become more objective
in the sense that it is now based on the objects' qualities rather than on
the actions the subject performs on them.

The great novelty of the concrete-operational period is the change from
qualitative identities toward quantitative constants. The first of these

3
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quantitative constants is numerical conservation, which manifests itself
in correct answers to the well-known questions about the numerical
equivalence of two collections of objects. For an example, consider the
experiment in which red and blue counters are used. Starting from two
rows, one red and one blue, arranged in a visual one-to-one correspondence.
the experimenter spreads out the blue counters so that they go beyond
the limits of the red row. The child isthen asked whether there arc still
just enough rea_counters to cover the blue ones, or whether there will be
some blue counters left over, or whether there will not be enough, and
so on. Before the age of five or six, the child will say that there are not
enough red counters to cover the blue, that some blue ones will be left
over, t. t -there are more blue ones than red ones, and so on. But from
five or six onward, the child affirms that the number has not changed and
he can give arguments to explain his judgment: "You didn't add any";
"You can put them back like they were"; "They're just, spread farther
apart"; and so on.

Structures

We now conic to the second aspect, that of the structure of actions: the
action group of displacements, which is completely bound up with object
permanency, slowly becomes elaborated during the sensorimotor period
from very elementary, often- hereditary action patterns. These action
patterns (sucking, looking, grasping) at first form isolated entities, but
so,d they assimilate other objects (sucking thumbs, toys, etc.) and be-
come coordinated (grasping and looking, etc.). Gradually, instead of
several little isolated actions, there are more and finer coordinations,
which culminate in an intended connection between a definite goal and
the action sequence necessary for reaching that goal. During the first
period of postsensorimotor but preoperational intelligence, the child starts
to build up what Piaget calls a setni/ogic, that is to say, a logic of one-way
mappings. In psychological terms, this means that the child understands
that when one pulls the 'cord of a curtain, the curtain opens; the farther
one pulls, the farther the curtain opens. These functional dependencies
imply a real, physical link between cause and effect just as much as a
conceptual dependency. Pulling (y) makes the curtain move (x), where
x = f (y) ; but you also have to know how far to pull to make the curtain
go all the way backknowledge of x depends on knowledge of y. These
dependencies constitute a kind of semilogie, and their one-way character
luis been demonstrated in several studies.

In the following experiment, devised by N. van den Bogearts in 1968,
the child is shown a toy truck which picks up counters in front of five
different dolls. Each counter is put inside the truck in a line so that the

4
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arrangement of counters mirrors the itinerary. The colours of the counters
correspond to those of the dolls' dresses. The dolls are arranged on the
table in a fixed pattern, but neither in a straight line nor in a circle. The
first questions concern the arrangement of the counters inside the truck:
"Which will be first.?_" "Which will be last?" "Why is the red one next to
the yellow one?" The four-year-old child understands and explains that
the order of the counters in the truck is dependent on the itinerary of the
truck: if it goes to the blue doll first, the blue counter 'is first; if it goes
to the yellow (loll next, the yellow counter will be next to the blue counter;
and , on. But, surprisingly, if the child is asked to reconstruct the truck's
itinerary, he is _incapable of doing so: the mapping is .only one way, and
he does not understand that the order of the counters in the truck deter-
mines the itinerary just as the itinerary determines the order of the
counters.

Incomplete though it may be, this semilogic is an important develop-
ment and a necessary stage which- the child has to pass through before
he can acquire reversibility. The well-known experiment with the balls
of clay can be reformulated in terms of functional dependencies. At first,
It dependency is established between actions and their effects. If one rolls
the clay (x), it becomes longer (h)

yt=1,(4.
But if one rolls the clay (x), it also becomes thinner (y2):

U: =1:(2.).
Both dependencies may be thought to covary; that is, if one rolls the clay,
it gets longer and thinner. Finally, the chilli is able to express this co-
variation between y and y2 directly, without the necessity of linking it
to the action of rolling, itself. A function (1) that is reversible (11) is
seen to exist between y, and jp:, whereby getting longer is exactly com-
pensated for by getting thinner, and vice versa:

: = f(y:) and y: = f"(yi).

45\10.I* CONCRETE OPERATIONS TO FORMAL OPERATIONS

Around the age of six or seven the semilogic of the preoperational
period starts to, turn into logic. At first this remains a limited logic
'..nee the term concrete operationsin contrast. with the "full" logic of
formal operations. However, this term does not mean that the child can
think logically only if he can at the same time manipulate objects. Even
less does it coincide with the (rather difficult to define) distinction be-
tween abstract and concrete. Concrete, in the Piagetian sense, inCans that
the child cqn think in a logically coherent manner about objects that do
exist and have real properties and about actions that arc possible; he can

5



Piageliatr-Research and Mathematical Education

perform the mental operations involved both when asked purely verbal
questions and when manipulating objects. The latter situation is far
preferable to the former, mainly for reasons of- clarity, but the actual
presence of objects is no intrinsic condition. Nor is the reversethat is
to say, the absence of objectsa condition for formal operations; these
may indeed involve the solving of problems dealing only with proposi-
tions, but they may, ant usually do, apply to quite concrete situation's.

Among the Many problems that come within the reach of adolescents
at the level of formal operations, there is one (designed-by B, Inhelder)
that, I think, makes ills aspect of the distinction quite clear. The ex-
perimenter shows-the child a c011ection of metal bars (some made of brass.
others of aluminum; some cylindrical, others with a square cross section;
all of various lengths) which can be fixed above a board and then weighted
at the end so that they will bend. The problem the child_ has to solve
(which is unsolvable until about the age of twelve, i.e., the formal-opeim-
tional period) is, Which bar bends most? The various. questions are
posed: "A long, brass, cylindrical one? A short, brass, cylindrical one?
A long, aluminum, cylindrical one? A long, alumnium,- square one? . . .?"
To,woik out this problem,. all the properties except one must be kept
con's'tant during the comparisons: for example, the child might compare
two brass rods of the same length to see if the round (cylindrical) one
bends more than the square one. The problem cannot be solved in any
direct way. A direct, concrete solution would necessitate the existence of
rods that are not 'made of anything at all, have no cross section and no
length. Such rods do not existin fact, cannot existand one cannot
even have a mental image of them. But by comparing two rods made of
the same metal, with the same cross section and of different lengths, one
creates impossible rodsin this case, rods that have only length. The
concrete-operational ehild can do no such thing; he an manipulate and
think about real objects, but he cannot work with hypothetical entities.
He will not be able to solve the problem until about the age of twelve,
when he attains the formal-operational period.

The stage of "concrete operations results in an important change in
children's manner of thought. They -now possess what Piaget has called
the structure of groupement (an incomplete but grouplike structure of
transformations comprising invariants).

The term structures has given rise to many controversies. Questions
such as the following are frequently asked in connection with Piaget's
structural approach to intelligence: Have the structures any psychological
realityl-Or are they no more than a psychological artifice? What is the
use, if any, of the search for such structures?

Many disciplines reach a point in history where their subject matter

6
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becomes so varied and the types of problems dealt with so large in num-
ber that the need is felt for some kind of unification. In mathematics, for
instance. the foundations for organizational principles were laid in the
beginning of the twentieth century and led to the mathematical theory
of sets and mathematical logic. In psychological development, a similar
need is-at the basis of Piaget's search for structures.

At. a certain stage the child becomes capable of dealing with a great
variety of problems. Obviously, he is not aware that he is reasoning
according to_certain well-defined principles, much less that he is using
structures. But the way in which he reasons clearly indicates that there
is some kind of organisation. What type of organisation and what, sort
of general mental operations can account for the way a child at a par-
ticular stage solves certain probietns and yet fails to solve others? It is
easy to observe whether a child gives the right answer to a certain
problem; it is much more difficult to observe how he goes about solving
it. To account for the method of solving (or of failing to solve) a variety
of problems, one has to go beyond observation and suppose the existence
of an underlying system of operations (a structure).

Concrete operations

The operations that form the concrete "grouping" are of the most
general kind (putting objects together into a class, separating a collec-
tion into subclasses, ordering elements, ordering events in time, etc.).
These operations are transformations that are reversible, either through
annulment (as in the ease of adding, annulled by subtracting) or through
reciprocity (as in the ease of relationships: A is the son of 13, 13 is the
father of A).

The importance of the concept of group structures goes beyond the
realm of mathematics. In the natural sciences one can, in certain eases,
postulate the existence of a grouplike structure. When one-then considers
the effect of certain transformations on a set of object states (elementi),
it becomes possible to hypothesize the existence and Zven the nature of
some previously unobserved object states.

Groups of transformations possess an identity operation. Similarly,
when one deals with actual problem situations where objects arc dis-
placed or changed in form, certain modifications have no effect on certain
quantitative properties. For example: pouring a liquid into a different
glass has no effect on its volume; kneading a substance has no effect on
its mass; spreading out counters does not change their total number.

In Piaget's approach, one learns about the structures of thought by
studying, for instance, at what age and in what manner children con-
ceptualize the invariance of quantitative properties such as weight and
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volume. These are, of course, the famous "conservation experiments."
Because of the fact that invariants are always invariants of a system of
operations, the acquisition of the conservation concepts is an excellent
indicator of the level of intellectual development.

Forthe concrete-operational period, Piaget distinguishes the basic
transformational structures of classes on the one hand and those of
relations on the other. Classification implies the grouping of objects
according to their similarities; seriation implies the ordering of objects
according to their differences.

The system of operations that accounts for the problems in classifica
tion that eight- or nine-year-olds can deal with can be formalized as
follows:

If A,13, C, and so on, are classes that are included one in the other and
A', B'. C", and so on, their complementary classes, the followirig operations
pertain.'

1. A + A' B; B + B' = C ; and so on.
2. B A' = A ; C B' = B ; and so on.
3. A + 0 = A.
4.:1 + :1 = A; IL+ B 11; and so on.
5, (A + A') + B = A + (A' + B'), but (A. +A) A A +

(A A) . -

In this system of operations, reversibility is annulment: adding A' to A
gives 13; subtracting A' from .B gives A.

This structure accounts for the success achieved by children at this

1. EDITOR'S FOOTNOTE. instructive to translate Piaget's language and symbolism
into current mathematical language and symbolism. Readers with a mathematics
bacligtound will be more familiar with the latter. There are certain correspondences
betneen symbols and words which should first be made clear: class 4--* set; +
U; " ' " conesponds td set differencethat is,-A' is not the complement of A but is the
set. difference relative to a set 13; and A' = 13 where "11 A" denotes a set con-
sisting of those elements of 13 that ate not elements of A.

Players language
1. A+A' =13

1t -1-13'=C
2. 11 A' = A

C 13' = 13
3. A + 0=A
4. A + A = A

B +13 =13
5. (A + A') + 13' =--

A + (A' + 13')
but (A + A) A,

A + (A A)

8

athematical language
I. A U (B A) = 13

BU(C 13)=C
2. 11 (13 A) = A

C (C 13) = B
3. AU0=A
4. AUA=A

BUII=B
5. (A U (13 A)) U (CB) =

A U A) U (C B))
but (A U A) A

.A U (A A)
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t level when dealing with several problems in classification: in the quanti-
fication of class inclivionthey can answer questions on the relative_
numerical extension of a general class E compared with a subclass A;
(2) multiplication of classesthey can find missing elements in double-
entry tables; and (3) intersection problemsgiven, for instance, a col-
lection of pictures of green objects and a collection of pictures of leaves,
they can find the green leaves which form the intersection.

Seriation implies reversibility by reciprocity and not by annulment.
For instance, in seriating lengths, one has to understand that element E
is simultaneously bigger than all the preceding ones and smaller than the
succeeding (E > ll, and, the reciprocal relationship, 1) < E). Moreover,
once this problem is clearly understood, a new deductive way of composi-
tion becomes possible through the application of a transitivity argument:
if A (R)B and B(R)C, then A(R)C_

The existence of this structure, very similar to that of classification,
accoupts for the success achieved from seven years onward in problems:
such as: (I) ordering sticks in an operational mannerthat is, first tak-
ing the smallest (or biggest) of all, then the smallest or biggest) of
those left, and so on; (2) ordering dolls, walking sticks, and rucksacks of
different sizes so that one obtains corresponding seriations; and (3) order-
ing according to two different propertiesfor instance, counters of various
shades of blue and various sizes to be arranged in a double-entry matrix
(e.g., keeping size constant horizontally, colour ordered from pale to dark,
and keeping colour constant vertically, size ordered from small to big).

This concrete-operational period stretches from age seven to age twelve
and at the same time constitutes a complete elaboration of the types of
reasoning made possible by these operations, an application of their power
to more and more difficult contents, and a preparation for the much more
powe-rftil formal operations.

Formal operations

_Since the concrete operations, as I have just said, bear only on reality
in the sense that they are applicable to true and observable situations
(whether the situation is actually present or not), the novelty of formal
operations is that they can bear on hypothesesthat is to say, on state-
ments that are not known, nor supposed to be true at the outsetand on
behaviour and properties of objects that cannot be directly observed. In
formalized terms, this means that propositional logic becomes possible,
admitting implication (if . . . then), disjunction (either or both . . . or).
exclusion (either . . or), incompatibility (or . . . or . . . or neither nor),
and so on, between propositions. In terms of groups of transformations,
this implies that annulment by inversion and reciprocity become com-
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bined and that therefore every transformation is now at the same time the
inverse of another and the reciprocal of a third.

Let me give just one example of the ossib2ities that are now opened
up as far as the reasoning of children at this level is concerned. In a sit-
uation where an object is shown to mover and to stop whil I a light comes
on or goes out, a child of this age is capable of the following reasoning
which can be observed through the experiments he does, since he can
manipulate the object. The first hypothesis might be that the light is the
cause of the stops (1 => s). This would mean that 1 . s = 0. But there
could still be stops without light (1. s need not be 0).2 If, on the other
hand, the stop causes the light, then there could not be a stop withoutlight . s = 0), but there could be light without stop (1 . s need not
be 0). Therefore: (1) if 1=> s, then / 0; and (2) if s then

. s 0. If, on the one hand, the light occasionally comes on without the
object's stopping, then hypothesis (1) is invalidated; if, on the other hand,
the object stops occasionally without a light, then hypothesis (2) is in-
validated. In Piaget's formalization, these operations constitute a group
of four transformations such that N = RC,- R NC, C = NR, and
I -- NRC. Here I represents the identity transformation; N representsthe negation. transformation; R represents the reciprocity transformation;
and C represents the corretativity transformation. The_group table is
shown in figure 1. From the table one sees, for example, that RC = N
(from the R-row and C-column intersection), NC = R, and (NR)C = I.
This system unites both inversions and reciprocities, which remained
separate in the incomplete grouplike structure of the concrete operations.

I NR C
I I NR CNN I C RR.R C I NCCRN I

Pik. 1

This very brief sketch of the main stages of cognitive development
leaves many aspects untouched. In particular, nothing has been said
about What is called the semiotic function, the peculiarly human capacity
to represent objects and events by something else. This "something else"
is not necessarily language, although_ anguage is certainly the most im-
portant part of the semiotic function ; mental images, gestures, symbolic
play, and, even before any of these behaviours can be observed or inferred,

2. EDITOR'S NOTE. Here "." means and and "0" means false.
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imitation in the absence of the model, are all part of this capacity to
represent reality (in the largest sense of the word). Evidently, this ca-
pacity of re-presenting realitythat is to say, of rendering it present
extends the field of mental action enormously. It-liberates the child from
the-limiting constraints of the here and now: it, enables him to recapitu-
late past events and to 'anticipate future events. In short, from an
organism that reacts and acts in the face of present circumstances (ac-
cording to the actual situation), the infant becomes an individual who
can begin to "know" and to plan.

I have been asked to devote one period to the Genevan language experi-
ments, and a longer discussion on the semiotic function is needed as an
introduction to that paper. However, the representation of reality will
al46 "be discussed (in the case of mental images and their observable
expression, drawings) when I talk about the different types of knowledge.
In fact, if this first sketch has given the impression that cognitive devel-
opment is primarily or even uniquely a development of logic, I hasten to
emphasize that this is not the ease. There are many different types of
operational structurations, and certain types are theoretically distin
guished one from the other.

11



KENNETH LOVELL

Some Aspects of the Growth of

r.......

the Concept of a Function

s

The study I am going to describe attempted to measure the extent to
which the concept of a function had been mastered. It was carried out
at Leeds by A. Orton (1970). .._

Recent work by the Geneva school Maga. Szeminska, and Bang
1968) deals with the growth of understanding of some aspects of the
concept of a function. It can he shown that the thinking of the preschool
child may be characterised by a number of one-way mappings or func-
tions, which contain qualitative identities but no real invariants. For
Piaget and his colleagues these one-way functions, functions in process
of formation, or contributory functionshowever we cafe to call them
represent, as it were, points of departure for the elaboration of what
Geneva calls well-formed functions. However, it must be pointed out
that the experiments that Piaget, Szeminska, and Bang used to study
the growth of these well-formed functions were linked with the scheme
of proportionality, for only those functions in which laws of variation
play a part were considered. A function was considered as a r( lotion
between the magnitude of two quantities, the variation in one bringing
about the variation in the other in the same proportion.

The present-day mathematical definition of a function is more general
than that considered by Piaget. A function from a set X to a set Y is a
relation such that if .r E X. then there exists a unique y E Y that corre-
sponds to it. Nevertheless, an understanding of a function as now defined
in mathematics is dependent on Piaget's stage of formal operational
thought and the elaboration of second-order operations. The pupil must
be able to handle ratios between ordered values of variables and also the

12
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concepts of continuity and limit, all of which are sometimes involved in
an understanding of functionality.

The only previous study of the development of the concept of a func-
tion in mathematics in pupils of high school age was carried out by
Thomas (1969). Indeed, this was the pioneer study. Thomas used a
group test on functions with 201 seventh- and eighth-grade pupils with
an average age of thirteen years. The mean I.Q. of those for whom an
I.Q. was available Was 125, so he appears to have been studying pupils
who were well above average in _ability. The next phase of his -study
involved the selection of twenty subjects fc,. individual testing. This
was effected by random selection from subsets, these st.bsets being de-
fined by group-test response patterns, by age. and by sex. The responses
to sixteen tasks suggested four stages in the growth of the idea of a
function.

THE LEEDS STUDY

In the Leeds study all the pupils involved had a background knowledge
of sets, operations on sets, ordered pairs used for a variety of purposes,
graphical representation of ordered pairs, and elementary directed num-
bers introduced through the manipulation of vectors defined as directed
line segments and expressed as ordered pairs. Other work often demanded
a revision and extension of the concept of a functionfor example, the-
study of geometrical transformations in two dimensions as a mapping of
one set of points to another, or the study of differentiation as a -limit
connected with the ratio of intervals of the number line mapped onto
itself. The point is that the concepts of relations and functions were
present in mathematics from the moment they were introduced, and no
pupil could avoid meeting them in each year of school mathematics after
their first introduction.

It should perhaps be said that for the purpose of this study, and gen-
erally for British school mathematics, function is used in the sense of
single-valued function. The function y defined on X as domain
and with a subset of Y as range, gives a mapping of the set X into the
set Y such that for each E X there is a unique image f(x) E

The subjects
The subjects were all pupils in a mixed, comprehensive secondary

school (including eleven- through eighteen-year-olds). Eight boys and
eight girls were selected from each of the second through the fifth years,
together with eight students in the sixth year. This gave a total of
seventy-two subjects wht 5e ages ranged from twelve to seventeen years.
The eight pupils in their sixth year were highly select in that all were
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studying courses leading to the G.C.E. A-level mathematics examination.
There were only two girls in this group. The pupils from the other_year
groups were chosen from the top four mathematics sets, so that almost
all the subjects were from the upper half of the ability range. But
subjects were chosen to give a spread of mathematical ability within
each set, such ability being judged by the students' previous examination
results together with the opinion of their` mathematics teachers for the
year.

The function tasks

The function tasks given are indicated in the Appendix t: .g paper.
The fourteen tasks in part 1 tested a wide .range of situation: and pre-
sented relations in all of the major representationsby diagram, by
graph, by ordered pairs, by table, and by equation. Further, in addition
to the ability to recognise a function, the foraiation of the appropriate
range from a given rule and domain was considered to be an important
part of the tasks. The idea of an inverse was introduced in task 9 and
was used thereafter.

It was not until the fourth year that pupils were introduced to the idea
of the composition of two functions. Thus, part 2 tasks were given only
to pupils in years four, five, and six. In addition, the part 2 tasks used a
more advanced notation, the f-notation, and used rather harder relations
throughout.

Each pupil was interviewed individually. the time required fort,a4
interview ranging froT 1 to 21A hours, with an average time V 1:4A hourt
The tasks were presented on individual cards, but follow-up and supple-
mentary questions were given orally. There was no time limit for any
task. Pupils' responses were tape-recorded and later transcribed.

Function items and scoring procedure

The responses to the subdivisions of the function tasks were regrouped
to form items, each item relating to just one aspect of functionality. Thus
item 1 brought together all responses to "Is the relation a function?"
'.hen the relation was presented as an arrow diagram. The relevant tasks
for this item were 1(vi), 2(iii), 2(iv), 21v). and, to a lesser extent, 6(iv)
and 10, used only when additional evidence was required. The subdivi-
sions of the function tasks were regrouped into sixteen scoring items' for
part 1 and a further six for part 2. The items for part 1 were as given
below with the corresponding task numbers in brackets.

1. Does the arrow diagram represent a function? [1(vi) ; 2(iii), (iv),
(v) ; 6(iv))

14



Lovell / Some Aspects of the Growth of the Concept of a Function

2. Does the rule define a function? [3a (iii), 3b (iii), 4 (ii iii )]

3. How must the arrow diagram be altered? [2 (iv) , (v)]
4. Stating a discret( range. [4 ( iii)]
5. Stating a continuous range. [3a (ii). 3b (ii) 4 (iii) ]
6. Describe the relationship in words. [3a (ii ), 3b (ii), 4 (iii)]
7. Finding images and pre-images from graphs. [5(i). (ii) : 7(i), (ii)]
8. Domain and_range from a graph. [6(i), (ii)]
9. Convert a graph into an arrow diagram. [6 (iii)]

10. Does the graph represent a function? [5 (iii), 7 (iii)]
11. Ordered pairs. [8(i). ( ii) ; 14(v), (vi)]
12. Tabular form. [9a (i ) , ( ; 9b (i), (ii)]
13. Problem concerning lockers. [11 and 12]
14. Mapping of square to circle. [13]

15. Tim e/heightfweight/speed problems. [14 (i),( ii), (iii)]
16. Difference between relation and function. [14 (iv-), some reference

to 14(v), (vi)]

The items for part 2 were the following:

17. Composition of functions defined on discrete domains. [15b]
18. Composition of inverse relations defined on discrete domains.

[16a. b]

19. Range for mappings of real numbers. [17a]
20. Composite functions with equations. [1 7b]

21. Composition of inverses of functions with equations. [18] xj

22.. al-nations for inverses and for composite relations. [17b, 18]

Responses to the items were assessed on a five-point scale. In order
to define the criteria for the scores for each item, each of the responses
was studied and common levels noted. For example, the criteria for tile
five levels of response to item 15 were the following:

1. Unable to attempt or incorrect attempt
2. A realization of what the situations are about and an attempt to

explain in terms of type of relation or arrows, but not up to level 3
3. Correct answers and explanation for task 14(i), but considerable

confusion over either 14(ii) or (iii)
4. Correct answers to all parts, but explanations showing sonic con-

fusion or unnecessary complication
5. All parts answered well
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The criteria for the five levels of response in respect to item 20 were:
1. Unable to attempt or incorrect attempt

.2. Able to make some correct statements about domain and range,
probably in terms of "first set," "middle set," and so on

3. ,ble to answer (i) correctly with or without further questioning,
but unable to complete (ii) even with further questioning

4. Able to answer (i) correctly without further questioning and able
to complete (ii) after further questioning

5. Able to answer both parts without further questioning

Other tests

All subjects worked the AH4 testa test of 'verbal and nonverbal
reasoning. It is often used in Britain as a reasoning or general-ability
test. In addition all pupils worked, individually, five tasks involving
number sequences and proportionality. The verbal responses of each
pupil were tape-recorded as in the other tasks. These tasks were taken,
with some amendment, from those used by Lovell and Butterworth
(1966). But in the analysis of the results, only the scores on the last two
tasks were used, since thest are most closely linked with numerical appli-
cations of the concept of proportion. Thus task 4 involved the pupil's
finding the missing number in the following example and explaining how
he obtained it:

8 is related to 6
28 is tatted to 21
10 is related to 71/2
? is related to 9

The scores awarded were:

1. The subject recognises that the answer should be larger.
2. The subject attempts unsuccessfully to apply trial hypotheses ther

than differencing.

3 The subject attempts differencing.
4. The subject obtains a correct answer with differencing.
5. The subject obtains a correct answer with intuitive use of 8/4.
6. The subject can symbolise or otherwise verbalize the 3/1 correspond-

ence.

Analysis of the results

We have already said that Thomas suggested four stages in the growth
of the idea of- a function (1969). But in view of the facts that tasks in-
volving operations on functions were not included in part 1 of the present
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study and that one of the purposes of part 2 was a study of the operation
of composition, it was necessary to redefine the stages in order to classify
responses to the function items. Stages 1 and 2 as proposed by Thomas
were found to be almost directly relevant to the present study. Orton's
(1970) stage 3 for part 1 corresponds closely with substage 3a proposed
by Thomas, while Orton's stage 4 for part 1 corresponds to the i ,.ration
of substages 3a and 3b of Thomas, with a greater degree of gener. )1-y being
shown in the discussion of the concept. The descriptions of the stages
used by Thomas have been kept as far as possible in order that the two
studies may be compared. Thus part. 1 responses were classified by stages
according to the following criteria:

Stage 1. The thinking of_ the pupil is essentially intuitive or concrete in
nature. He can carry out processes associated with the func-
tion concept when they are essentially arithmetic in character
or when the numbers of one set are assigned to those of another
by means of a line graph or table. The pupil interprets a rule
such as

x> 2x + 4
as a sequence of operations to be performed on some specific
number. But the concept of a function as a special kind of re-
lation has not been mastered, and the extension of representa-
tion to new and less familiar forms such as the ordered-pair
graph is limited.

Stage 2. Pupils still do not understand the basic criteria necessary for a
relation to be a function. But they do show a good grasp of
the relational aspects of the concept of function, in the4ense

.that for all forms of representations of a function used pupils
can find images, pre-images, and sets of images. Further, they
_are able to identify the domain as that set of elements that
are assigned images, while rules such as "add 15," and

.21> 2x + 4

are now thought of as operating on any number of the specified
domain.

Stage 3. The basic characteristic of this stage is that subjects can
identify relations in several types of representation of functions
and not functions and can gi,, Adequate criteria for each such
discrimination. Subjects have mastered the basic concept of
a function. They can identify inverse relations as functions or
not functions, but they do not always take care to check the
uniqueness of images or to cheek that they have defined a cor-
rect domain for the inverse.
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Stage 4. Pupils now display mastery of the basic concept of a function
to a greater degree of generality than that of subjects at stage
3. All representations of relations can be classified as functions
or not functions, with a precise analysis of the uniqueness cri-
terion. Inverse relations are defined with correct domain, and
uniqueness of images is checked.

In most eases, stages 1, 2, 3, and 4 of part 1 correspond to item scores
of 2,-3, 4, and 5 respectively, but there were some-exeeptions. Item 4, on
stating a discrete range, produced very few spontaneous correct responses
(score 5), and an item score of 4 must be considered to represent a stage
4 response, there being no item score equivalent to a stage 3 response.

For part 2 responses, in which the emphasis of the tasks was on the
composition of relations, together with the use of notation (f, 11, etc.),
it was more difficult to define directly comparable stages. However, the
Leeds stages are:

Stage A. Success with tasks related to the composition of functions and
relations, and of their inverses, is limited to finding images by
sequencing assignments in the compositions. Domain and range
can onl be identified in simple eases and by direct reference
to a diagram.

B. Subjects are successful with some of the tasks involving coin-
position, and, in particular, are able to define domain and range
in simple cases without being restricted to those members con-
tained in a diagram.

Stage C. Pupils can complete tasks involving composition, with some
indication that the processes can be thought of as operations
on a set of functions. Subjects are able to identify domain and
range, including domain and range for composition of ipverse
relations, but they have difficulty in checking the uniqueness
criterion in inverses.

Stage D. At this stage complete mastery over compositions is exhibited
and classification of relations as functions or not functions is
consistent. Even in the composition of inverse relations the
domain is correctly defined and the uniqueness criterion
checked.

In part 2, one item, 19, should be singled out as being more appropri-
ately connected with the stages of part 1, since this item did not involve
the composition of relations and functions but involved theIonsideration
of the range 01 functions defined by comions. However, the definition
of the part 2 stages corresponds with the definition of part 1 stages with
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respect to concept formation, and thus for convenience this item's re-
sponses were classified on A, B, C, and D stages. For all the part 2 items,
the scores of 2, 3, 4, and 5 correspond to the stages A, B, C, and D re-
spectively.

Results

Table 1 shows the number of part 1 responses at stages 1-4, with the
figures in parentheses indicating the percentage of responses. There Were
256 responses for each of the years two to five and 128 responses for
year-six subjects. In some instances subjects had not even reached stage
1, so that the figures for a year group do not add up to 256 or 128.

TABLE 1

Distribution of Response by Year Group and Stage: Part 1

Year Stage
Group

1 2 3 4

Second 65 (25.4) 32 (125) 27 (10.5) 64 (25)
Third 39 (152) 49 (19.1) 42 (16.4) 107 (41.8)
Fourth 45 (17.6) 38 (14.0) 24 (9.4) 130 (50.8)
Fifth 28 (10.9) 50 (19.5) 40 (15.6) 132 (51.6)
Sixth 3 (2.3) 9 (8.0) 18 (14.0) 94 (73.4)

One single sixth-form pupil accounted for all the responses that were
below stage 1 in that year group.

Table 2 shows the number of part 2 responses at stages AD, with the
corresponding percentages in parentheses. There were 96 responses in
each of the fourth and fifth years and 48 responses in -the sixth year.

TABLE 2

Distribution of Responses by Year Group and Stage: Part 2

Year
Group

Stage

A

Fourth 37 (38.5) 36 (37.5)' 7. (72) 7 (7.3)
Fifth 30 (31.3) 30 (31.3) 19 (19.8) 8 (8.3)
Sixth 5 (10.4) 12 (25) 18 (37.5) 13 (27.1)

Table 3 shows the mean scores for the proportion and function items
as a percentage of the maximum possible. The maximum score for the
function items was 5 and for the proportion items 6, these being the
scores awarded for the answers for which the teacher would hope and
strive. Table 3 shows that the part 1 items are, on our system of scoring,
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_ -- --- -----
Year

Group Proportion Function (part 1) FUnction (part 2)

TABLE 3

Means: Proportion and Function Items
( Expressed as Percentage Col i eet )

Item Type-

second 442 58.6 ...
Third 56.7 75.4
Fourth 65S 772 53.0
Fifth 65.0 82.0 57.4
Sixth 77.5 89.0 76.4

easier than the proportion items, with the latter being easier than the
part 2 items.

Intereorrelations were computea between the scores obtained on the
function tasks in part 1, the A114 test, and the proportionality task scores.
The scores on the proportionality tasks correlated highest with the AH4
scores. The intercorrelation matrix was subjected to .a principal-compo-
nents analysis which yielded a general factor accounting for 48 percent
of the variance. All the loadings on this component were positive and
significant. For example, items 11, 10, 12, 1, and 15 all correlated greater
than 0.8 with this component. It appears to reflect a strong intellectual
and educational dimension at the centre of the pupils' knowledge and
recognition of functions in all the different means of representation; it
also correlated highly with the items involving problem situations.
Finally the scores obtained by the second- and third-year pupils on part 1
of the functions items, also those obtained by the fourth- and fifth-year
pupils, were separately subjected to analysis of variance. There were
significant differences due to age, ability (score on the AH4 test), and
item in both instances, but in neither analysis was there a second or
higher-order interaction.

DISCUSSION GENERATED BY THE LEEDS RESULTS

There is now some discussion of issues arising out of this study which
need investigating further. The following points are made by Orton
(1970).

Functions and proportions

It has already been indicated that the basic concept of a function is
less related to intelligence than is the concept of proportion. At the same
time, many functions defined by simple rules do involve proportion. For
example, task 4 involves the proportion

20
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y 5:r =2:1.
In this respect the older definition of a functionwhich required an equa-
tion or a law of variation, or a table of values such as would arise from
an equation or lawis more associated with proportion than is the more
general definition used currently in ,mathematies. With the present defi-
nition of a function it is possible to study functions and relations without
the added complication of proportion. But the modern definition does
have the disadvantage that it introduces technical terms and some addi-
tional notation. And. of course, when functions are defined in the present,
more general way, as a type of relation, sooner or later simple equations
that involve proportionality must be introduced. The functions defined
by equations which summarize more complicated rules of variation, such
as the trigonometric functions, would-thus appear to be more difficult
than some algebraic functions in which the law is relatively simple. Here
is a topic that needs investigating.

Many of the second-year pupils had not grasped the basic idea of a
function and did not recognise a function even in simple eases. In this
age group, some children wanted to define a function as a relation that
produced a pattern, or a combination of patterns, when plotted on an
ordered-pair graph. The pupil who tries to use patterns to identify func-
tions is using an incorrect definition of function, but it is one that is more
closely connected with the old definition of function than with the new.
The type of function which produces a straight-line graph, and so involves
a law of proportion, was more readily identified by some of the younger
children as being a function simply because they had not learned the
basic definition of function, and not because functions involving pro-
portionality per se are more readily identifiable. The confusion of many
second-year pupils and their desire for pattern suggests that if the mod-
ern definition of function is to be used, the property possessed by some
elementary functionsnamely, that points on the graph form a particular
kind of patternshould not be mentioned too soon. There is insufficient
evidence from this,Audy to suggest good ways of introducing functions
that involve proportion, but it would seem inadvisable to study such
functions until pupils have considerable experience with the general case
outlined by the basic definition. The growth in understanding of that
subset of functions involving proportionality is a research area that needs
attention at once.

Types of relation

A function can be defined as a one-to-one or many-to-one relation, but
a serious disadvantage of this approach to a definition of a function was
apparent in the younger age groups. There was considerable confusion
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between the meaning of many-to-one and of one-to-many,. The clearest
indication of a reason for this confusion was provided by those subjects
who said that the diagram shown in figure 1 is an arrow diagram for a
many-to-one relation because many pre-images are mapped onto one
image. However, they said, if the number of arrows associated with
each member of the sets is counted, then there is one arrow leaving each
member of the domain, but many arrows arriving at a single image, hence
one-to-many.

Fig. 1

Our evidence suggests that it may be better to attempt to define a
function at first in terms of uniqueness of images of members of the
domainin an arrow diagram only one arrow leaves each member of the
domain. The classification of relations into types is also important, but
it might be wiser to keep the work on relations apart from the definition
of a function at first. One must, of course, admit that in Piagetian terms
the failure of pupils to separate the meanings of one-to-many and many-
to-one indicates a lack of operative knowing. For in operative knowing,
knowing is related to the construction and functioning of the known
thingin, our case,- a mathematical function. The issue raised in this
section needs investigating further.

Graphs of relations

Many of the second- and third-year pupils were unable to interpret the
graphical (Cartesian) I Ks with confidence. The principal-components
analysis suggested Oa,. lilt. interpretation of graphs is related to age.
There seems to be a strong element of practice or experience involved in
the ability to interpret graphs of relations and functions. The graphical
tasks involving finding images for given pre-images and vice versa, listing
the members of the domain and the range from a graph, and converting
the graph of a relation into an arrow diagram or into a set of ordered
pairs were difficult for younger pupils. There is a need for further re-
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search into the difficulties of pupils in the early stages of learning about
graphs of functions.

Relations and Junctions

The results obtained from item 16, involving the difference between a
relation and a function, demand special mention, for many of the re-
sponses were unsatisfactory. If functions are approached through a study
of sets and relations, there appear to be difficulties. The main difficulty
seems to be that many pupils are not clear about the meaning of the
technical term relation in mathematics. The distinction between the
terms relation and relationship is subtle and not appreciated by younger
pupils, and sonic mathematicians may deny there is any point in making
the distinction. It is4the relationship rule defining the relation which
children want to take as the relation itself. The term relation has more
general and varied meanings in everyday life than in mathematics, and
children use the word when relationship may be a better term mathe-
matically speaking. If the definition of function is to be based on a
definition of relation, then it must be made clear that the term relation
in mathematics does not mean exactly the Same as the identical word
used in other contexts. Our study aimed to investigate the growth of
children's understanding of functionality, and only incidentally has the
concept of relation come into it; but it appears that research into chil-
dren's understanding of relations themselves is necessary.

Continuity

Although the concept of continuity is distinct from that of function
the former is, nevertheless, involved in the study of many functions,
particularly when the functions are defined by equations. In the prin-
cipal-components analysis it was found that performance on those items
that involved continuous sets or ideas of infinite sets appears to be related
more to measured intelligence than to age.

The number line was not used in this study, but research needs to be
carried out to establish if with items involving a continuous domain, the
number line is a more appropriate pictorial representation than the arrow
diagram. It would be worthwhile to establish if the line leads to a greater
understanding of mappings defined on the set of real numbers than did
the arrow diagram used throughout the present study.

Item 14 also produced interesting results with respect to tinuity. In
mapping the points around a square onto a circle, and .,41ic inverse
mapping, some of the older subjects had to think very hard about whether
the mapping was one-to-one, and they were clearly considering what
happened to points that were close together. This was a difficulty that
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younger subjects did not, in general, appreciate. for many of the responses
from younger children indicated that they were thinking in terms of dis-
crete sets anyhow. In contrast, the placing of CI at the corner of the
square. thus making it coincide with a point on the circle, while confusing
many younger subjects. did not prove difficult for older ones.

Problem items

Performance on items 13. 14, and 15 was more closely related to intelli-
gence and age than was performance on items that demanded recognition
of functions from arrow diagrams, rules, graphs. and ordered pairs. The
responses to the question involving school lockers were poorer than ex-
pected. although the situation was concrete and familiar to the pupils.
Two reasons may be advanced. First, the unused lockers of situation
11 (ii) caused confusion, there being a failure to discriminate codbmain
and range. Secondand more important the presentation of a many-to-
one relation and a one-to-many relation in the last two parts. (iii) and
(iv). led to the usual confusion between these types of relation.

Item 15 produced a distinct range of difficulty of questions. The easiest
task was the relation that mapped

{age} -* {height}.

for in this nearly all pupils realised and used the fact that age can only
increase. This was not the case in part (iii), which involved time: here
pupils did not appreciate that time can only increase. The relation of
part (ii),

{height} -* {weight).
proved to he a very good vehicle for testing understanding of the concept
of a function. It was necessary for subjects to consider all the possibilities
tl.at utt arise in the

{height} -* {weight}

relation. Those subjects who assumed that height, and weight varied
together were reminded that adults, who normally stay the same height,
can fluctuate in weight and that increase in height does not necessarily
involve a change in weight. This presented subjects with a variety of
possibilities to analyse, some of which implied functionality and others
not. Tasks involving familiar situations may pose unexpected difficulties.

ComPosition

A clear conclusion to be drawn from the responses to tasks involving
the composition of functions- is the need, among many pupils, for a dia-
gram showing the successive stages in the composition. This argues a
lack of understanding of the operational nature of composition. In par-
ticular, it was noted that where the diagram accompanying a task de-
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pieted af,that is, f first, followed by aresponses to of were relatively
good but responses to ft/ were very poor. An understanding of the com-
position of functions was arrived at by a few of the abler subjects in
the fourth and fifth years.

Equations

Subject's were asked to find equations only in the last two tasks of
part 2. The easiest questions were those that involved finding the inverse
of a relation for which the equation was given. Much harder was the
problem of finding the equation for a composite relation when a diagram
was available illustrating the successive assignments. Hardest of all was
the problem of finding the equation when there was no diagram available
to show successive assignments, irrespective of whether this composition
involved inverses or not. Further research is needed to confirm our view
that the study of inverses of relations and of the most elementary coin-
praions-is appropriate for the more able pupils in the fourth and fifth
years.

Conclusions

Some aspects of the concept of a function, introduced in a very con-
crete manner, can be grasped by pupils in the elementary school who are
at Piaget's stage of concrete-operational thought. But it seems that at-
tainment of the early stages of formal-operational thoughtPiaget's
stage IIIais necessary before pupils are able to tackle the tasks indi-
cated in part 1 of this study. The tasks set in part, 2 demand a more
developed and flexible formal thought, characterised by Piagefs stage
IIIb. As in all other content, areas, the more the pupil is familiar with
the ideas involved in the concept of a function and the more experience
lie has of handling functions, the more likelyother things being equal
it is that formal thought will be tr:ailable to him in this content area and
hence that an understanding of the concept of a function will develop.

APPENDIX

PART I

1. Study the arrow diagram shown in figure 2 for a relation that maps
{-3, 2. I, 0, 1. 2, 31

into
{0, I. 2. 3. 4 }.
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Fig. 2

(i) Write down each image of 2.
(ii) Write down each number that has 2 as its image.

(iii) Write down the domain for this relation.
(iv) Write down the set of images.
(v) Write down the range for this relation.

(vi) ) Is this relation a function?

2. The arrow diagram in figure 3 shows the relationship "has this num-
ber of prime factors" from

{3. 4. 6. 18. 30}

to
{1, 2, 3 }.

o
Fig. 3

(i) What is the domain for this relation?
(ii) What is the range for this relation?

(iii) Is this relation a function?
(iv) If the element 12 is added to the first set, how must the

arrow diagram be altered?
(v) If, instead, the element 4 is added to the second set, how

must the arrow diagrain be altered? Is this new relation a
function?
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3. a. The arrow diagram shown in figure 4 is for the relation given by
the rule

The domain is the set of real numbers, and a few examples are
shown.

Fig. 4

(1) What is the image of 5?
(ii) What, is the range?

(iii) Is the relation a function?
(iv) Describe the relationship in words.

b. The arrow diagram shown in figure 5 is for the relation given by
the rule

x-* 3x.

The domain is again the set of real numbers, and a few examples
are shown.

Fig. 5

(i) What is the image of 6?
(ii) What is the range?

(iii) Is the relation a function?
(iv) Describe the relationship in words.
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4. A relation is given by the rule
2.-- 2x+5.

(i) What is the image of 4?
(ii) If x is a natural number, that is,

E {1.2. 3. 4. 5. 6. },
what is the range? Is the relation a function?

(iii) If x is any real number, what is the range? Is the relation
a function?

(iv) Describe the relationship in words.
5. The ordered pairs of a relation are shown on the graph in figure 6.

51

4

3;

21

I

-®......
-2 -I 0! I 2 3 4

® 0

Fig. 6

5 6

(i I Write down each image of 4.
(ii) Write down each integer that has 1 as its image.

(iii) Is this relation a function?
6. For the previous relation,

(i) Write down all the members of the domain.
!ii) Write down the set of images.

(iii) Draw the arrow diagram for this relation.
(iv) Look at your arrow diagram; is this relation a function?

7. Study the graph of ordered pairs for a relation shown in figure 7.
(i) Write down each image of 3.

(ii) Write down each integer that has 2 as image.
(iii) Is this relation a function?

8. For the previous relation
(i) Write down the set of ordered pairs.
(ii) Looking at the set of ordered pairs is this relation a

function?
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51 @

41 @

31 0
@2 i

e
-2 -I 0

t
1 2 3 4 5 6

-1} ®
I

Fig. 7

9. a. The table in figure 8 shows the pairs of values for a relation
x> y.

x 1 2 3 4 5

y 0 1 1 2 2

Fig. S

(1) Is the relation a function?
(ii) Is the inverse relation a function?

b. The table in figure 9 :shows the pairs of values for another rela-
tion, x --0 y.

x 1 2 3 4 5

y 0 1 2 3 4

Fig. 9

(i) Is the relation a function?
(ii) Is the inversc relation a function?

10. a. The arrow diagram in figure 10 shows a relation between two sets
of numbers.

(1) Is the relation a function?
(ii) Is the inverse relation a function?
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Fig.-10

b. The arrow diagram in figure 11 shows another relation.

Fig. 11

(i) Is the relation a function?
(ii) Is the inverse relation a function?

11. Class 2X, whose form room is a laboratory, was given lockers out-
side the room.

(i) Every member of the class was given a locker, and there
were no lockers left over, Is the relation

(Members of 2X) --> (Lockers)
a function?

(ii) If there were too taany lockers but each pupil was only
allowed one locket so that some lockers were left unused,
is the relation

(Members of 2X) ) (Lockers)
a function?

(iii) If there were too many lockers and some members of the
class took an extra locker so that a few of the class had two
lockers, is the relation
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(Members of 2X) - (Lockers)
a function?

(iv) If there were not enough lockers to go around and some
pupils had to share a locker with someone else in 2X, is the
relation

(Members of 2X) -4 (Lockers)
a function?

12. Consider the inverse relations of those in question 11 and decide
which, if any, are functions.

13. The diagram in figure 12 shows a relation between points on a square
and points on the circle that is drawn through the four corners of the
square. The points and their images are all drawn so that lines con-
necting them would pass through the center of the circle, marked 0
on the diagram. Consider the inverse relation of this.

Fig. 12

A1-0 i1.2;

that is. A: is the
image of A,.

(i) Find the image of D2 in the inverse relation.
(ii) Is the inverse relation a function?

14. Consider the following:.
(i) Is the relation (Your age) - (Your height) a function? g

(ii) Is the relation (Your height) -4 (Your weight) a function?
(iii) Is the relation (Time) - (Speed of a car) a function?
(iv) What is the difference between a relation and a function?
(v) Write down a set of ordered pairs which is a relation but

not a function.

PART 2

15. A function f maps a set A onto a set B, and a function g maps set B
to A C, as snown in the diagram in figure 13.
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0---
I --- 3
2--
3

Fig. 13

a. Write down:
f(1)

(ii) g(2)
(iii) gf (3 )

(iv) fy ( 1)
b. Answer the following:

(i) What is the domain for gf? What is the range for gfi Is
gf a function?

(ii) What is the domain for fg? What is the range for fg? Is
fg a fu etion?

16. Draw the arrow diagram for the inverses of f and g in the previous
question, using the same sets, and use your diagram to answer a
and b.

a. Write down:
(i) f-1 (31

(2)
(iii) rly-'11)
tiV g-if"' (2)

b. Answer the following questions:
(i) What are the domain and range for r'? Is f"' a function?

(ii) What are the domain and range for g"'? Is y"' a function?
(iii) What are the domain and range for rig"' ? Is PO a

function?
(iv) What are the domain and range for (Pr'? Is OP a

function?
17. a. Consider the following:

(i) What is the range if f is the function x x 1 where x is a
real number?

(ii) What is the range if g is time function x x2 where a' is a
real number?
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(iii) Complete the diagram shown in figure 14, which shows the
two functions together. Four real numbers are used as
examples in the domain for 1.

R

2

Fig. 14

b. Answer the following questions:
(i) What is the range for gf? Is gf a function? What is gf in

the form x 7> y?
(ii) What is the range for fg? Is fg a function? What is fg in

the form x > y?
18. Complete the arrow diagram in the previous question for the inverses

of f and g.
(i) Is a function? What is ri in the form x> y?

1ii) Is g-1 a function? What is g-1 in the form x> y?
(iii) Is rg-' a function? What is l'g-1 in the form .r -> y?
(iv) Is g "' f "' a function? What is fr'f-k inthe form x > y?
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HENRY VAN ENGEN

Epistemology, Research, and
Instructidn

In 1927 P. W. Bridgeman's book The Logic of Modern Physics appeared
on the American scene. Bridgeman was concerned about the semantic
difficulties physicists were having with such mundane terms as length
and time. These difficulties were brought to the forefront by the Einstein
theory of relativity. Bridgeman came to the conclusion that one knows
the meaning of a term if it is possible to point to some overt action to
which the term refers. In fact, in this book (p. 5) he says: "The concept
is synonymous with the corresponding set of operations." Attempts have
been made to apply Bridgeman's line of thinking to psychology (Stevens
1935). However, it seems to have had few followers.

At about the same time that Bridgeman's work appeared, Piaget's
The Language and Thought of the Child was published in English
(19261. Piaget, like Bridgeman, places the emphasis on overt actions,
or operations.

An operation is thus the essence of knowledge. For instance, an operation
would consist of joining objects in a class to construct a classification. Or an
operation would consist of ordering, or putting things in a series. Or an opera-
tion would consist of counting, or of measuring. In other words, it is a set of
actions modifying the object, and enabling the knower to get at the structures
of the transformation. [Piaget 1964, p. 8]

Whether Piaget and Bridgeman ever heard of each other, I do not
know. Most certainly as epistemologists they have much in common.
The twn influenced two entirely different sets of people, In the main,
Bridgeman's work was taken up by the philosophers. Piaget's work, on
the other hand, has had its major impact on the psychologists.
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It is well known to all attending this conference that the ideas of
Piaget have stimulated much research on the thought processes a chil-
dren. Many of these studies have been of interest to those of us inter-
ested in mathematics instruction. However, as a teacher of mathematics,
I am concerned about the ambiguity and, at times, mathematical error
that creeps into the reports of some excellent research. In the words of
Parsons (1960), who reviewed Inhelder and Piaget's The Growth of
Logical Thinking, "One must protest against so much ambiguity and
obscurity in the use of logical symbolism" (p. 78). Most certainly,
research would be enhanced and communication channels more clearly
established if the researcher explicitly stated how certain key words

'iTere used and how they fitted into a structure of the subject under con-
sideration. Vague use of such relational terms as more than and shorter
than, as well as, terms referring to various aspects of number, too fre-
quently leaves the reader in a quandary. This vagueness also affects the
interpretation of the results of the research. Relational terms can be
operationally defined and must be so defined for the child in any instruc-
tional program. It is the first major task of this paper to clarify and
structure some of the ideas that are found in the research literature and
in instructional programs. The foundational terms for research and
instruction are the same. This is not surprising, since research and
instruction have related goals.

OPERATION AL DEFINITIONS OF CERTAIN RELATIONS

The key idea underlying the development of mathematical concepts,
even that of conservation of number, is the idea of relation. Relations
can, and must, be "operationalized" in order that they can later be
applied to number. A specific illustration or two will help clarify the
import of such a statement.

The terms longer than or as long as are frequently thought of as being
based on number. It is, of course, possible for an adult to reduce any
sentence containing these ,terms to a number comparisonthat is, to
restate the problem in terms of a relation between two numbers. How-
ever, to think of relations between numbers presupposes the concept of
number. For the young child whose concept of number is immature this
is not possible.

To define longer than operationally, stick A and stick 13 are laid side
by side so that one end of A coincides with an end of B. Then if the
second end of A extends beyond that of 13, we can say* that stick A is
longer than stick B. This inmiediately leads to the study of the relation
longer than. We discover, by overt actions, that:
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1. :1 is not longer than 21.
2. If A is longer than B. then /3 is not longer than A.
3. If A is longer than B and B longer than C, then A is longer than C.

All these ideas can he established, if it seems desirable, without number
and by use of overt actions.

In much the same way, it is possible to define operationally as long as
and discover that (here "R" stands for as long as) :

1. ARA. that 1.21 is as long as A.
2. If AR/3, then BRA.
3. If ARB and BBC'. then ARC.

The second illustration involves the classical situation in which two
rows of objects are placed the one under the other and in one-to-one
correspondence. This situation involves the term as many as. Here again
number is-not the fundamental ingredient.

What does the term as many as mean? We say there are as many
apples in basket A as in basket 13 if we can match each apple in A with
just one apple in B and each apple in B with just one apple in A. These
operations define as many as in a specific case. The child then learns
that we use the term as many as whenever there is a matching of elements
in set A with elements in set B. This matching _lutist be a one-to-one
correspondence.

As many as is also a relation. If "R" represents as many as and A, B.
and C represent sets, then we write:

1. ARA.
2. If ARB. then BRA.
3. If ARB and BRC, then ARC.

In fact, as many as has the same properties that as long as has. This is
not surprising in view of the way we use these terms. Piaget (1952, p. 55
calls these terms quantitative relationships. From a mathematical point
of view, these are relations between sets of objects and not necessarily
relations between numbers. Operationally, they are easily defined in
terms of actions that do not involve number or quantity. What impli-
cation does this have for the classical situation used to test for conserva-
tion of number? Suppose we have a row of nickels and another row of
candies, with candies and nickels in one-to-one correspondence. We ask
a four-year-old child, Are there as many candies as nickels? If the child
answers in the affirmative, does this mean that he has some concept of
number? Not at all. It May mean that the child has learned how adults
use the term as many as and observes that the apples and nickels are
properly matched. He may have no concept of number.

Now suppose we spread the candies out so that the row of candies
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is longer than the row of nickels and ask the same question. Suppose
the answer is in the affirmative. Does this ,nean the chi!d conserves
number? Not necessarily. It may mean he conserves the one-to-one
correspondence. If he answers in the negative. it could mean that he
failed to observe that moving the candies did not destroy the corre-
spondence. The conservation of one-t6-one correspondence is the key
idea in this situation and not-the conservation of number. (In this con-
nection, it is interesting to observe that there is a basic theorem in
mathematics which states that if two sets are in one-to-one correspond-
ence, then they are in one-to-one correspondence regardless of how the
elements are arranged. It would be interesting to observe when children
sense this basic theorem.)

There are a number of other relational terms that can be operationally
defined for children and should be so defined for research studies.
Among these are fewer than and less than. It is essential that relational
terms be understood (internalized) ) by the child because he must use such
terms to study the order relations for numbers. Failure to recognize these
terms as relational terms, and not numerical terms, leads to questionable
interpretation of experiMental results. For example, Piaget's (1952, pp.
123-57) classical staircase problem (ordering a number of sticks in order
of size) is clearly a study of one characteristic of the order relation
bigger than and is not necessarily a study of ordinal numbers.

But where does number enter into the picture and how? What is
number? We now turn our attention to these crucial questions.

WHAT Is NUMBER?

There is more confusion surrounding the concept of number in both
instruction and research than surrounding almost any other mathematical
concept. There really should be no more mystery surrounding the use
of this term than there is surrounding the use of the word cat. As a result
of this confusion children are confused, teachers are confused, and re-
searchers block lines of communication.

Number involves relations between sets. Two sets A and B are equiva-
lent, written "A B," if to each element of A there is a unique element
of B and to each element of B there is a unique element of A. Under this
condition the following relations bold:

1. A A (reflexive).
2. If A then B ,A (symmetric).
3. If A B and 13 C. then A C (transitive).

Now number for the child is simply a noise we all agree to make
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whenever we see a set A or any set equivalent to A. Thus, the noise
"five" is uttered whenever one is referring to the collection of fingers on
One hand. We agree to make this same noise when referring to the col-
lection of pennies equivalent to a nickel. This may startle some people,
but it can be put on a sound mathematical basis. This will be done in
the next ft.: paragraphs. However, let's look at an analogue. What is a
book?

A book is. at times, a collection of objects having the set of properties
{PI, P2, P3, . . PO. The symbol book then denotes the set of objects
having the properties P1, P2, . . . Pn. The sentence "The book is
the foundation of American education" illustrates how the word book
can be used to denote a class of objects.

On the other hand, book also denotes a member of a class. The sen-
tence "The book you see on my desk is not mine" illustrates how, at
times, book denotes a member of a class of objects.

A child first learns the member-of-a-class meaning of book and later
the class meaning. In this sense, the child learns to make the noise
"book" whenever presented with an object having the necessary
properties.

In much the same way. a member, such as four, is a class of objects,
namely sets. having certain properties. From the point of view of mathe-
matics, "relations between cardinal numbers are merely a more con-
venient way to express relations between set?' tHausdorff 1957, p. 29).
That this is a natural way to think about cardinal numbers is brought
out by the "empty hat" approach to cardinals. Taking this approach, we
define zero to be the empty set.

DEFINITION: 0 = f
Then Nve set up a means to get a successor to zero. In effect, it is simply
"adding one more element" to each set.

DEFINITION: The set A U {A} is the successor of the set A.
It is now easy to write down all the cardinal numbers in terms of set
relations:

1 =
2 =
3 =
4 =

0 U (0)
1 U {1}
2 U (2)
3 U (3)

=
=
=
=

(0)
{0,1}
(0, 1,
(0, 1,

2)
2, 3)

N 1 N U (N) = (0, 1, 2, . . . N)

From the above standpoint, the cardinal numbers are only sets of a
particular kind. To establish the cardinality of a set K, we find a set
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Z in our table of standard sets that is equivalent to K. In actual practice
the counting set

{1, 2, 3, 4, . . . ,

is used to establish cardinality. The important point to remember is that
"four" is a particular set. Then "four" is transferred to all sets that are
equivalent to it and called the number of the set. Thus the set of legs
of a horse is equivalent to the set {0, 1, 2, 3), whose name is "4." This
enables us to say that a horse has four legs.

As has been observed, in actual practice we order the cardinal numbers
and form an ordered set which we call the counting set. To say that a
particular number is a set of a particular kind and that the symbol for
that set is the symbol for the last element in the counting set is not at
all mysterious. Certainly it is no more mysterious than naming a dog.
The child learns dog as the word applies to a particular dog, maybe a
police dog. He then learns to apply it to collies, poodles, St. Bernards,
and so on. In fact, he applies it to any member of a whole assemblage
of animals. In the same way, a child learns to apply five to the set of
fingers on one hand. He then learns that five is applied to any discrete
set of objects that are equivalent to his set of fingers. Five is applied
to a whole assemblage of sets and we say, "The number in the set is five."
All we mean is that the elements of the set can be placed in one-to-one
correspondence with the set {1, 2, 3, 4, 5).

To complete the mathematical foundation, it would be necessary to
establish a system of names, an ordering relation, definitions of addition
and multiplication, and so forth. We do not have time to do this. How-
ever, a few paragraphs must be devoted to ordinal numbers. It would not
be profitable to give a mathematical foundation for ordinals. Hence, I
shall sketch the basic idea of ordinal numbers.

ORDINAL NUMBERS

For cardinal numbers the basic idea is that of equivalence. For ordinal
numbers the basic idea is that of similarity. An ordinal number, like a
,,ardinal number, is merely an abbreviated way of talking about sets.

Two ordered sets M and N are similar when the elements of M and
N can be placed in one-to-one correspondence in such a manner that
if for any two elements of M, mi and mj, the relation mami holds,
then for the corresponding elements of N the relation nilinj holds.

On the basis of similarity, ordered sets can be classified and assigned an
ordinal-type. If the set is such that it and all its subsets have a first
element, then we speak of an ordinal number.
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Finite sets that are equivalent are also similiar. Hence, all sets having
the same finite cardinal number also have the same 'ordinal-type or
ordinal number. For practical reasons, we use the same symbol for the
ordinal number that we use for the cardinal number when the sets are
finite. Herein lies a vast sea of confusion. Both in research and in
instruction, the terms ordinal and cardinal are freely used and almost
never defined operationally for the child and in terms of mathematical
structure for the researcher.

In the physical world there are 6'ents, that have a natural order from
the point of view of time,....place, or arrangement. We could use the
alphabet and speak of the bth individual to enter a room. This is not
usually the ease. Instead, we use the standard counting set, which is a
Nvell-ordered set, and assign the eleinents of this set to the individuals
entering the room in a prescribed way. The important feature to note
here is that "4" is assigned to one and only one object. This is in con-
trast to the use in the cardinal-number sense where the four is assigned
to a whole set. Since the counting set is ordered, we use this ordered
set as a communication instruan,r.t to order sets of objects. This is the
"practical use" of the cardinal symbols to express order.

The development of the cardinals, sketched in this paper, is simple
and straightforward. There is no mystery attached. It is possible to
define f operationally for the childa highjy important feature. Fur-
ther it is not a conglomeration of ideas. In this respect one must
disagree with Piagct when he says:

The whole number is neither a simple system of class inclusions, nor a
simple seriatim', but an indissoeiable synthesis of inclusion and sedation.
The synthesis derives from the abstraction of qualities and from the fact that
these two systems (classification and seriation), which are distinct when their
qualitie :. are conserved, heroine fused as soon as their qualities are abstracted.

l'i'aget 19(37, p. 831

The difficulty %vith this conception of number is that it does not dis-
tinguish between the elements of a set and the relation that exists be-
tween two or more elements of th6 se . The study of the order of whole
numbers is the study of a relation-flu t exists between two numbers and
has the usual properties of an order re ation. It is one of the many types
of relations existing in mathematics. E ne should not say that these rela-
tions are an integral part of the concept of a number, such as six. Assign-
ing the property of a set of objects to- individual objects is a common
error. This confusion can only block communication, obfuscate essential
issues, and delay obtaining relialile answers to research problems.

In much of the reading of psychological foundations of number, one
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cries in vain for a precise statement of the experimenter's concept of the
ideas under investigation. For example:

Nuniber is at the same tinie a clan and an asymmetrical relation, the units
Of which it is composed being simultaneously added because they are equiva-
lent, and sedated because they are different from one another. (Piaget 1952,
p. 1841

Additive and multiplicative operations are already implied in nun II er as
such, since number is an :ulditive union of milts, and one-to-one correspond-
ence between two sets entails multiplication. [Piaget 1952, p. 1611

These statements and ,others like them, make the reader demand an
explicit statement of the author's conception of numbercardinal and
ordinaland the structure in which number is embedded. This is essen-

__tial, because the experimenter's interpretations of the child's reactions to
mathematical ideas %vill depend on his the experimenter's, conception of
the mathematical objectnvolved. Hence, in research it is more important
to define the objecebeing investigated than to take care of all the statisti-
cal niceties.

Because of this failure to state explicitly what ideas are involved, there
is reason to question Piaget's conclusions about the interdependence of
cardinal and ordinal numbers. Mathematically they are like two parallel
roads that are not far apart. One can step from one to the other without
much difficulty, but they are different roads and can be traveled inde-
pendently. Piaget's results are, possibly, only the results of a culture
(and schools) that does not make any distinction between the cardinal
and the ordinal number. Operationally there is a difference, as will be
seen in a later section.

The difficulty with these ideas is nicely illustrated by the title chapters
of an excellent little book written for "those interested in children" by
Lovell (1961 t. The chapter titles include "The Concept of Substance,"
"The Concept of Weight," "The Concept of Time," and similar titles.
But on the subject of number the chapter titles are these: "Some Ap-
proaches to Number Concepts I" and "Some Approaches to Number Con-
cepts II." Number is a difficult topic!

We now turn our attention to operational definitions of cardinal and
ordinal number.

IMPLICATIONS FOR TF:ACHING AND RESEARCH

Up to this time, the emphasis has been placed on relations and number.
But what do we do to distinguish between cardinal and ordinal number
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for the child when testing children and for the purpose of research? We
must remember that number is a brief way to talk about certain sets.
Instead of saying that the number of fingers on my one hand is (0, 1, 2,3,
4), we say that 5 is the number of fingers on my hand. "Here, since5
(0, 1, 2, 3, 4), it makes no difference which response we give. The need
for brevity forces us to ttse "5," however.

When teaching a child how to use these standard sets, we have a
choice. We can teach him to associate standard sets (number) with vari-
ous appropriate sets of objects and then order them, or we can teach the
child the standard sets in order. For the purposes of this paper, we
choose the latter.

The child must learn to associate one with some set composed of a
single element and all sets equivalent to it. In the same way he must
associate two with every set containing a pair of elements; three with
every set containing a triple, and so forth. We can then order these sets
on the basis of "one more" and learn counting.

Oone; 00 two; 000 three; 0000 four; etc.
one; two; three; four; etc.

S one; 6 B two; B B B three; 5 Zi B 5' four; etc.

The child should not learn to count as he does on Sesame Street by
setting up a one-to-one correspondence between the standard sets and
the objects. For example, the following figure illustrates this confusing
procedure for counting five objects:

0 0 0 0 0
one two three four five

In the initia: stages, the count of five objects should proceed as illustrated
below:

0 00 000 0000
one two three four

00000
five

The succession of diagrams is supposed to illustrate that a Child should
set down one block and say "one"; put another block beside the first and
say "two"; etc. In this way the child learns that the cardinal number is
associated with the whole set and not with an element of the set.

If one wishes to teach ordinal number, one proceeds as in the first
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illustration. Here each symbol is associated with one and only one
object which indicates the order in which the set has been arranged.

We now have the necessary information to develop further the dis-
cussion on conservation of one-to-one correspondence and conservation
of number.

CONSERVATION OF NUNIIIER

Suppose that the child has responded negatively to the question "Are
there as many red disks in the bottom row as there are black disks in
the top row?" (Assume the same number of disks in each row.) What
might the situation be? It might be that the child does not know how
adults use the relational term as many as. That is, he does not know
that we arc asking him to test for one-to-one correspondence between
the two sets of disks. On the other hand, an affirmative reply does not
necessarily mean that the child knows there are the same number of disks
in each row. He may have only observed the correspondence.

After spreading out one row, the experimenter repeats the question.
What conclusions can be safely drawn? If the child has responded
affirmatively in this instance, it may well be that the response is based
on the perception of the conservation ui one-to-one correspondence, not
on number. On the other hand, a negative response does not necessarily
indicate failure to conserve number. It may indicate failure to conserve
one-to-one correspondence.

But what is conservation of number? An activity that would more
nearly indicate conservation of number can be described as follows:
Suppose a child freely associates ten with a set of ten objects. In other
words, he knows what is meant by "the number of disks in this pile."
Then the experimenter reshapes the pile of disks, splits it into two or
three piles or in any way rearranges the disks and asks the question
"Now how many disks are on the table?" If the child freely, without
recounting, responds "Ten." then it would seem that we could say that
this child conserves number.

The ability to recognize that time number remains invariant with the
arrangement of the objects is of utmost, importance for the understanding
of addition and multiplication. Most certainly a child must comprehend
that a set of three objects joined to a set of two objects is the same as a
set of five objects. That is, number is invariant under this transformation.
When this stage is attained, the child can comprehend that "3 + 2" and
"5" are really tu names for the same number and say, "3 + 2 = 5."

Now let us turn our attention to a restricted list of studies that were
done in the Piagetian spirit. They are in a sense side issues insofar as
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the main-line theory is concerned. but they arc important since they cast
light on classroom conditions.

THE WISCONSIN STUDIES

Outstanding progress has been made in developing a framework of
genetic epistemology based on Piaget's work. For this the teachers of
arithmetic should be eternally grateful. Similar progress must be made
on classroom applications of Piagetian theory.

One of the early studies in the Wisconsin series was carried out by
Zweng (1963). She studied second-grade public school children. Using
an operational definition of division, and working with children who had
not been introduced to division in the school program, she studied their
reactions to the two types of division situations, commonly called parti-
tive division and measurement division. She obtained scores on a set of
one-group tasks, A one-group measurement task involved eight pencils
to be separated into sets of two pencils each. A two-group measurement
task situation involved eight to be placed in boxes with two
pencils in each box. Mathematic,.dy, and operationally, there is-no dif-
ference between these two situations; yet the presence of the boxes
seemed to be a distraction. Zweng found significant differences between
the mean performance of children in one-group situations and that of
children in two-roni, ituations. These differences were in favor of the
one group situations. The implications for classroom instruction arc
Obvious.

Van Engen and Stale (1966) studied the performance of first-grade
publi school children. These children had studied arithmetic for approxi-
mately-one school year. A study by Feigenbaum t i963) had suggested
that the number of objects in a collection may affect the child's ability
to ignore his perception. In reality, the Van EngenSteffe study was a
study of number conservation, although it was not perceived_ as such at
the time.

One hundred first-grade children (fifty boys and fifty girls) were ran-
domly selected and given four tasks. The central idea involved recog-
nizing a number of objects, first as two discrete sets; then, as the experi-
menter pushed the two sets together so as perceptually to form one set,
the children were asked to indicate whether there were the same number
of objects present. Initially the experimenters thought that all children
would recognize the invariance of the number of objects for "small" sets
like two and three, but for larger sets they might not have made the
obvious, to an adult, generalization.

Four tasks were formulated. In task 1 the child was confronted with
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two sets of candies, a set of two candies and a set of three candies. The
child was asked: If I let, you take these candies for your friends, would
you take the two piles of candy or the one pile [here the experimenter put
the candies into one pile] after I put them together. or does it make any
difference? . . . Why?" Task 2 was similar but involved a set of four
candies and a set of five. Task 3 involved ten candies and fifteen. Task 4
involved twenty-five candies and twenty-five.

Since the children knew some basic addition facts, they were tested
on the combinations they were likely to know. namely, 2 + 3 and 4 + 5.
All but one of the children gave the correct response to 2 + 3 on a paper-
and-pencil test. All but six knew that 4 + 5 = 9.

Satisfactory responses to the question for each task were categorized
under the headings "Same Number," "Same Candy," "Just Know," "No
Reason." and the inevitable "Others." A similar classification was made
of the unsatisfactory responses. In table 1, the responses to each task
are classified.

TABLE 1

Frequencies: Collect Responses by Task and Total score. V = 100

Task fatal Score

1 ) .3 i ti 1 2 3 .;

Frequency 54 45 45 42 26 27 10 9 28

One does not need to know all about analysis of variance to see the
implications of this array of data. All but one of the one hundred chil-
dren could respond correctly to 2 + 3 on a paper-and-pencil test, yet
only fifty-four knew that the number of candies remained invariant.
What have the remaining forty-six children learned about arithmetic?
The frequency of total correct scores is also revealing.

The twenty-six children who scored zero on the four tasks are most
certainly not in any position to benefit from arithmetic instruction as
usually practiced in our elementary schools. The situation is even more
serious when one considers that the experimenters were actually giving
the children an operational definition of addition, although this was not
brought to the child's attention. 1\ Iost certainly the child should not
study addition if he does not know that the number of objects is invariant
under such transformations as made in tliis study. A child must be able
to conserve number in order to associate meaningfully "2 + 3" and "5"
with the union of a set of two objects with a set of three objects.

In 1966, Steffe studied the performance of children on a test covering
addition problems. On the basis of a numerousness test, the children
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were classified in four levels of conservation of numerousness and, by
means of an intelligence test, three I.Q. levels. The problem-..,olving tasks
were classified as to:

1. Physical aids with an explicit transformation
(Example: Four jacks in a pile and three more jacks put with
them)

2. Physical aids without a transformation
(Example: Four cars in one parking lot and three cars in another
lot)

3. Pictorial aids with a transformation
(Example: Like first example above, but pictorial aids present
only)

4. Pictorial aids without a transformation

5. No aids present: verbal description of a transformation
6. No aids present: verbal description of a situation without a trans-

formation

The central question involved the difference, if any, in performance of
these twelve groups of first graders randomly selected from some 2,100
first-grade public school children. The principal findings of this study
are the following:

1. The problems with no transformations were significantly more diffi-
cult .:.than those of all other types, and the problems with physical
aids with a transformation were significantly easier than those
without a transformation and verbal problems with a transforma-
tion.

2. The children in the lowest numerousness level and I.Q. group scored
significantly lower than all other groups with exception of four
groupsin the lower brackets of the 3-by-4 table.

3. The children in the top three levels of conservation performed sig-
nificantly better than the children in the lower level.

4. The problems with no accompanying aids were significantly mere
difficult than those with aids.

5. Problems that involved a described transformation were signifi-
cantly easier than problems without a described transformation.

6. The mean performance in the low I.Q. group was significantly lower
than that of the other I.Q. groups.

LeBlanc (1968) studied the performance of children on subtraction
problems, using the same population Steffe used, the same classification
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of problems, and the same statistical design. Two tables taken from
LeBlanc's study are of interest. The possible total score is 3.

TABLE 2

Mean Scores
(I.Q. by Aids by Transformational Type)

Transformation No Transformation
I.Q.

Physical Pictorial No Aids Physical Pictorial No A vls

1 2.73 2.59 221 2.41 2.46 1.71
2 2.57 2.55 2.07 2.16 2.25 1.55
3 2.57 2.50 124 1.77 2.09 - 1.07

TABLE 3

Mean Scores
(Conservation Level by Aids by Transformational Type)

Transformation No Transformation
Level

Physical Pictorial No Aids l'hysical Pictorial No Aids

1 2.91 2.94 2.70 2.36 285 1.91
2 2.73 2.82 2.06 224 2.58 1.73
3 2.61 2.49 1.88 2.36 2.09._ 129
4 2.42 1.94 1.55 1.49 1.55 0.73

The results of LeBlanc's study agree substantially with those of Steffe.
I quote from LeBlanc's (1968) study:

The most significant outcome of this study is the relationship of conserva-
tion of numerousness as measured by the pretest to children's performance on
a problem-solving test. Although all children received training based on the
same curriculum, the performances of the children, categorized into four
levels of conservation of numerousness, were significantly different. The chil-
dren who did well on the conservation test, did well on the problem solving
test. Likewise, the children who did poorly on the conservation test did poorly
on the problem solving test. (Pp. 154-551

As related to whether conservation or I.Q. was the stronger indicator
of success in problem solving, LeBlanc says:

119th one exception, it was found that, in examining the means of the
twelve groups, the conservation pretest related better to problem solving
success than I.Q. did. Thus, all the mean performances of the children
in the three 1.Q. groups of Level 1 were higher than any of the I.Q. groups
of Level 2. . . . Thus, the performance on the pretest of conservation of
numerousness was a stronger predictor of success on the problem solving test
than the group I.Q. test was. However, the two tests . . . taken together
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were found to he a :.lightly better predictor of success in problem solving than
either test used separately. I P.

These two studies supply some pretty good evidence that it sizable per-
centage of our first-grade children are studying arithmetic tinder adverse
learning conditions. This is not only true of the low I.Q. noneonserving
group; it is also true of the high I.Q. noneonserving group. It would seem
that for these children. the schools should center their attention on activi-
ties that might enhance conservation rather than on our traditional
arithmetic. curriculum. Furthermore, the implications of these studies for
the kindergarten program are quite clear.

As a result of the Steffe and LeBlanc studies, the question arose as to
whether specifically designed experiences for use in the classroom would
affect the ability of kindergarten and first-grade children to conserve
numerousness. Harper and Steffe (19681 carried out a study to measure
the effect of a sequence of twelve lessons carried out over a period of
twelve weeks. The investigators were well aware of the previous work
that had been done by such researchers as Churchill, Dodwell, Elkind,
and others. This study differed from previous studies in that the test had
previously been used in the studies of LeBlanc and Steffe and it was car-
ried out under classroom conditions by a classroom teacher.

Two pretests were administered to experimental and control groups in
kindergarten and first-grade classesthe Lorge-Thorndike intelligence
test and a test of conservation. One posttest was administered, the test
on conservation. Analysis of covariance was used at each grade level
where the covariates were the Scores from the two pretests and the de-
pendent measure was the score obtained from the test of numerousness.
Significant differences were observed between adjusted means of the
experimental and control groups at the kindergarten . in favor of the
experimental group, even though both groups had gained.

Skypeek (1966i studied the relationship of socioeconomic status to the
development of conservation. She used three of the conservation tasks in
standardized interview-interrogation procedures suggested by Dodwell.
The sample for the study was drawn from children in the five-to-eight
age bracket found in a large southern city.

Statistically significant differences were found to exist between the
scores on the conservation tasks for low socioeconomic groups and average
and high soe4,economic g in favor of the latter groups. The relation-
ship of race to Piagetian development stages was not significant. The
findings of this study support the hypothesis that children from low
socioeconomic urban mil onments suffer retardation in cognitive struc-
tures related to the concept of cardinal number.

48



Van Engel: / Epistemology, Research, and Instruction

I3oe (19661 undertook to investigate the ability of secondary school
pupils to section solids. She randomly selected seventy-two pupils from
the schools located in a large Wisconsin city. Twenty-fou pupils were
randomly selected from each of three gradesgrades 8. 10, and 12. The
subjects were stratified according to sex, g' ale. and ability. The problem
originated, in part. as a result of some years of experience as a teacher
of secondary school mathematics and a study of Piaget and Inhe Ider's
theory of space representation. The basic problem involved the section-
ing of solids, mentioned by Piaget and Inhe Icier (19631 in The Childs
Conception of Space. The subjects were asked to represent the section
by a drawing and to select the section from a group of drawings presented
by the experimenter. As a result of her study, Boe reported:

1. There are significant differences in the responses made by pupils of
differing ability.

2. There arc significant differences in the responses to the two tasks,
namely, selecting a representation of the section and drawing a
picture of the section.

3. Piaget and Inhe Icier report that by the age of twelve years, all geo-
metric sections had been mastered. This study used sixteen sections
included in the Piaget-Inhelder study. Only ten of the seventy -two
subjects were successful in the sixteen tasks in the two tests. No
subject reeeived a perfect score.

4. Piaget and Ink. Ider claim that the two tasks are equivalent
measures of the same ability. This study reports a low correlation
(0.551 netween the scores on the two tests.

5. There are significant differences among the responses to the various
solid figures., Piaget and Inhe Ider (19631 state, `The child has
no greater difficulty' with the cylinder, the prism, and the

parallelepiped" (p. 1751.

6. Age, as measured by grade in school, was not a significant factor.
Ability level. however, was significantly different for both methods
of response.

Most certainly this study should be replicated and extended. From the
teacher's point of view, It has great potential for supplying useful infor-
mation. Our schools do far too little .to develop spatial imagery.

There ace educators who contend that the overt actions used to demon-
strate ratio and proportion are different from those actions used to dem-
onstrate rational numbers. Mathematically, in one case one has a linear
vector space and in the other an ordered field. Steffe and Parr (1968)
devised a series of tests, four on a pictorial level and two on a symbolic
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level, to study the performance of fourth-, fifth-, and sixth-grade children
in two school systems when-confronted with ratio situations and rational
number situations. They were interested in equal ratio and fraction sit-
uations with missing numerators and missing denominators. For example,
the child is shown a picture of two squares and six circles and asked,
"If there are two squares for every six circles, for one square there would
be how many circles?" The following results were common to both school
systems:

1. The pictorial test involving ratios with missing denominators was
significantly easier than the corresponding fraction-denominator test
for the low and middle ability groups in each grade.

2. The missing-numerator pictorial test for fractions was significantly
easier than the missing-denominator test for each ability group in
each grade.

3. The high-ability children performed significantly better than the
low-ability children on each of the four pictorial tests and two sym-
bolic tests.

4. The fifth and sixth graders performed significantly better than
fourth graders on all tests.

5. Very low correlations exist between the scores on the symbolic tests
and scores on the pictorial tests.

6. The fraction-denominator pictorial test was the most difficult for
each ability group in all grades.

CONCIXDING REMARKS

For purposes of research and instruction, American schools and uni-
versities need a careful analysis of the relationship that exists between a
system of overt acts and the fundamental mathematical ideas studied in
the elementary schools. There exists enough evidence, even at this time,
that concepts arrive out of physical experience. The study of those experi-
ences that enhance the development of mathematical concepts is sorely
needed. The studies reviewed in this paper supply some evidence that the
models for physical situations th:lt adults take -for granted as being ob-
vious are not obvious to the child. There is some evidence that the
absence of an expressed transformation is an impediment to arriving at
a solution to a problem. Since this is true, what further difficulties exist in
learning to cope with situations for which "x + 2 = 8" and "9 = n 2"
are models? Some fundamental problems in learning mathematics exist
in this general area. Answers to these problems should help us to devise
strategies for teaching basic number ideas and mathematical operations.
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From the point of view of researching these ideas, we need two things:
(11 We need an analysis of basic mathematical ideas in terms of those
actions to which these ideas may be isomorphic. (2) Res( :chers in
mathematics education must be more explicit in stating the mathematical
structure in which their ideas are embedded and the actions they will
accept as evidence that children are in possession of these ideas. Most
certainly, a researcher's interpretation of a child's reaction to a given
task will be colored by the reseiireher's own concept of the mathematical
idea supposedly under investigation. Furthermore, the tasks used to
gather data in an experiment will be conditioned by the researcher's con-
cept of the basic idea. the overt acts he accepts as isomorphic to the idea,
and his conception of how this idea fits into a given mathematical
structure.

What mathematics education needs is a team of researchers attacking
common problems. Studies up to the present have, of necessity, been
carried out by one or two individuals. The problems to be solved have
epistemological, psychological, instructional, and mathematical tones and
overtones. One individual cannot cope with all these aspects. The prob-
lems are so broad that any attempt to find solutions needs a team of
people who have similar interests but different backgrounds. Let us hope
that this conference will point up this need and, in some way, leaA to a
team approach to the important problems facing the American schools.

REFERENCES

Doc, B. L. "A Study of the Ability of Secondary School Pupils to Perceive the
Plane Sections of Selected Solid Figures." Ph.D. dissertation, University of Wis-
consin. Ann Arbor, Mich.: University Microfilms (no. 66-13,399), 1966.

Bridgman, P. W. The Logic of Modern Physics. New York: Macmillan Co.,
1927.

Feige:baum, K. D. "Task Complexity and 1.Q, as Variables in Piaget's Problem of
Conservation." Child Development :34 (19631:423-32.

Harper, E. II., and L. P. Steffe. The Effects of Selected Experiences on the Abil-
ity of Kindergarten and First-Grade Children to Conserve N1171iCrOUVICSS.

Research and Development Center for Cognitive Learning, Technical Report
no. :38. Madison: University of Wisconsin, 1968.

Hausdorff, F. Set Theory. Translated by .1. IL Aumann et al. New York: Chelsea
Publishing Co., 1957.

LeBlanc, J. F. "The Performances of First-Grade Children in Four Levels of
Conservation of Numerousness and Three I.Q. Groups When Solving Arithmetic
Subtraction Problems." Ph.D. dissertation, University of Wisconsin. Ann
Arbor, Mich.: University Microfilms (no. 68-7111), 196S.

51



Piagetian Research and Mathematical Education

Lovell, K. The Growth of Basic Mathematical and Scientific Concepts in Chil-
dren. 1.0tulon: University of London Press, 1961.

Parsons, C. "Inhelder and Piaget's The Growth of Logical Thinking.- British
Journal of Psychology 51 I 1960i

Piaget, .1. (a. The Language and Thought of the Child. New York: Harcourt,
Brace, 1926.

(hi. The Child's Conception of Number. London: Routledge & Kegan
Paul, 1952.

"Cognitive Development in Children: The Piaget Pa))er.s." In Piaget
Rediscovered: A Report of the Conference on Cognitive Studies and Cur-
riculum Developnont. edited by R. E. Ripple and V. N. Rockcasile. Ithaca,
N.Y.: School of Education, Cornell University, 1964.

(d. Six Psychological Studies. Translated by A. Tenzer and 1). Mind.
New York: Random House, Vintage Books, 1967.

Piaget, .1., and B. Inhelder. The Child's Conception of Space. London: Routledge
& Kegan Paul, 1956.

Skypeck, 1). II. "The Relationship of Socio-Economic Status to the Development
of Conservation of Number.'' Ph.D. dissertation, University of Wisconsin. Ann
Arbor, Midi.: University Microfilms (no. 66-13,8391, 1966.

Steffe, L. P. The Performance of First-Grade Children in Four Levels of Con-
servation of Numerousness and Three !.Q. Groups When Solving Arithmetic
Addition. Problems. Research and Development Center for Cognitive Learning,
Technical Report no. 14. Madison: University of Wisconsin, 1966.

Steffe, L. P., and It. B. Parr. The Development of the Concepts of Ratio and
Fraction in the Fourth. Fifth. and Sixth Fears of the Elementary School. Re-
search and Development Center for Cognitive Learning, Technical Report no.
49. Madison: University of Wiscon.zin, 196S.

Stevens, S. S. "The Operational Basis of Psychology." American Journal of Psy-
chology 47 (1935) :323-30.

Van Engen, II., and L. 1'. Steffe. First Grade Children's Concept of Addition of
Natural Numbers. Research and Development Center for Learning and Re-
Education, Technical Report no. 5. Madison: University of Wisconsin, 1966.

Zweng, M..1. "A Study of the Performance of Second Grade Children on Four
kinds of Division Problems." Ph.D. dissertation, University of Wisconsin. Ann
Arbor, Mich.: University Nlicrofihns (no. 64-679), 1963.

52



ti

HERMINE SINCLAIR

Different Types
of Operatory Structures

ft,

Having given a brief sketch of what Piaget considers the characteristics
of the main stages in intellectual development, I shall now deal with some
of the problems that arise ffont this theory. Granted that children
of course. totally unaware of these structures and that the operations only
formalize what children can do and how they go about doing certain taski,
it still looks as if these operations are mainly logico- algebraic in character.
Arc they applied in other fields of activity also? Or, to narrow the ques-
tion, are they applied in such subjects as physics, chemistry, geometry?
If so, how?

It seems useful to introduce a distinction on which Piaget has often
insisted. that of the two poles of knowledge. The two types of knowledge
that exemplify these two poles are called logical knowledge and physical
knowledge. In the case of logic, our knowledge stems mainly from our
own actions or operations and their coordination. To take Piaget's ex-
ample: ;t child is playing with a number of pebbles; he arranges them
first in snrtll groups, say 2, 4, 6; and then rearranges them so that there
are 5, 3, 4: from this he discovers that the total number of pebbles does
not change. But the properties of the pebbles have little or nothing to do
with this knowledge. The same actions could have been performed upon,
and the same conclusion drawn from, a collection of sweets, dolls, and
so forth. Only one condition pertains to the objects themselves: they
should be clearly separate and should stay where one puts them. Water
or milk would not be much good!

By contrast, when a child wants to find out something about floating,
it is imperative that the properties of the objects used in the experiment
be taken into account. In fact. it is the properties that become the main
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source of knowledge. Nothing can be found out about floating without
observing how solid and liquid interact. This physical type of knowledge
is much less "pure" than the former; in fact, observations by themselves
lead only to fragmentary. ad hoc know ledge. To be able to induce laws
and regularities and to imagine experiments, a logical framework is neces-
sary. AS far as actual situations are concerned, either in real life or in
the tasks psychologists propose to children, the two aspects are usually
both present but in different ratios. Furthermore, one and the same
situatiwi can frequently be used to explore knowledge of different kinds.
For instance, the well-known concept of conservation of weight is at first
only a cOl;i-Tvation of an invariant property of objects: logical operations
of addition and composition are sufficient to maintain that weight does
not change with a change in shape. But the conservation of weight is all
the same more difficult than that of simple substance, a global quantita-
tive concept; and with their growing knowledge of the physical world.
children begin to see difficulties they had not considered in the conserva-
tion-of-weight problem. Apparent regressions may occur, as in the case
of children who begin to wonder whether the ball of clay divided into
little bits does not weigh less than the whole ball, since the little bits
"press"' on more of the surface of the scale, as if an intepsive property
like pressure were equivalent to an extensive property such a:.; weight.
They also often think that the weight of an object diminishes when its
movement increases. When one asks the same questions for conservation
of weight (1) after putting the two quantities of Plasticine on a double
scale; (2) after.hanging them underneath the scales: and (31 after hang-
ing two balls at the same height on one side and two balls, one underneath
the other, on the otherthe children's answers will be quite different at
certain stages and there may be apparent regressions. The distinction of
the two opposite poles of knowledge is therefore to be seen as theoretical
and heuristic: in real situations the,. type of reasoning applied is some-
where in between the two extremes.

Another question comes to mind concerning this distinction. Given the
fact that, starting in the sensorimotor period, all knowledge proceeds
from action and that all action implies the transposing or transforming of
objects (including the subject's own displacements in space), is the dis-
tinction valid at all levels, right from the start of the development of
intelligence?

According to Piaget, even at the very early stage of sensorimotor in-
telligence, that is to say around six months of age, it is possible to
distinguish the roots of the two types of knowledge. In one, which will
later develop into logical operations, it is mainly the action patterns
themselves that become coordinated and integrated. This occurs when-
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ever the baby has a specific goal and combines two movements to reach it.
In the other. coordination also occurs, but the new knowledge comes
mainly_ from the objects themselves, as in the case of the baby who dis-
covers that if a certain object is pushed and starts swinging, it not only
moves (he follows the movement with his eyes) but also makes a sound
he listens to the sound ). In a research project on symbolic behavior,

carried out in collaboration with Irene Lezinc and Myra Stambak, we
have examples of children from the age of thirteen or fourteen months
onward performing actions that can be classified according to the two
types: sometimes they push one object with another; they shake the
objects; they tap the floor with them; they explore them carefully with
their forefinger. In other instances they spend quite sonic time that is,
a minute or so) aligning the objects, putting one on top of another, and
so on. In the one case, they are learning about the properties of the ob-
jects themselvessoft, supple, prickly, and so onor about the effect of
one object on anotherone can push the spoon right inside the bristles
of a brush but not inside a mirror. In the other case, they seem to be
introducing some organization into the objects around themthey put a
spoon next to a toy broom and a feather dusterand contemplate the
patterns that result from their own organizing action. But most of the
time the two types of activity seem at that age to be inextricably inter-
woven. It is only with continuing development that the activities leading
to the two types of knowledge can be more easily distinguished.

There is, apart from the theoretical reasons, an educational use to be
made of the distinction. In the case of knowledge of the physical type,
reality flatly contradicts an incorrect idea; it is possible to show the child
that he is wrong. If a six-year-old thinks that a small piecd of iron will
float "because it's so light," one has only to perform the experiment for
him to see that his prediction is not correct. This does not, of course,
mean that he will give up his idea; at first the child is incapable of form-
ing a different hypothesis and will regard counterexamples as "funny"
cases. But such a demonstration is totally impossible in the case of a
logical problem. For example, if a child affirms that there are more apples
than fruit (items of fruit) in the bowl, makiig him count first the fruit
and then the apples is not going to have any influence at all. If he can
already count and finds that there are six items and four apples, that
does not prove to him that there is more fruit than apples. Counting, in
this case, can be compared to naming; the fact that the last person named
is called Peter does not tell anyone anything about the number of people
in the room.

However, there seems to be a bit of a paradox here, which I cannot
resolve. Since "wrong" ideas in physics seem to be easily demonstrable
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and "wrong" ideas in logic very difficult. is ;,y do educational curricula
always introduce physics so muelr later than arithmetic? Is it because
every day we make use of technological marvels that only a few of us
really understand, whereas our daily contact with mathematics is limited
to fairly simple problems such as adding and subtracting money or work-
ing out how many rolls of wallpaper are necessary to cover a certain sur-
face? Or is it precisely because wrong ideas in physics are so obviously
wrong that it seems hopeless to start teaching physics early? When one
constructs the syllogism "Johnny has two eyes; Johnny is a boy; there-
fore all boys have two eyes," one has all one's facts right. but the logic is
way off. On the other hand, when one says, "All boys have two noses;
Johnny is a boy; therefore Johnny has two noses," the logic is impec-
cable, but one of the premises is false. The first type of reasoning, wrong
as it is, seems somehow less false than the second!

In his epistemological work Piaget seems to indicate a more profound
reason. In many cases, it is only after many aspects of a branch of science
have been elaborated that science discovers (or at least explicitly formu-
lates) basic concepts that are acquired early in cognitive development.
Such is the ease with topological structures. Topology became a branch
of mathematics well after Euclidian geometry, but we find that the child
can handle relationships of closure as opposed to openness of figures, of
being adjacent as opposed to nonadjacent, of overlapping, and so on, well
before he can deal with the relations between parallel as opposed to inter-
secting, curves as opposed to straight lines, and so on. Similarly, one-to-
one correspondence, which is at the base of set theory (another recently
formulated theory), is one of the earliest established concepts in the child.
Possibly awareness and explicit -formulation of deeply ingrained, basic
concepts comes later than that of more complex achievements. However
that may be, a similar phenomenon exists as regards physics, where cer-
tain of the most difficult notions of modern physics seem to exist in a
primitive, intuitive form in childrenbut then they look completely
"wrong." The concept of time seems to provide an example of this. Very
young children have an intuition .of speed; this is based purely on the
eventual "overtakings" or "eatchings up." Time, howeverthat is to say,
durationremains linked to distance covered or to the amount of work
done. Until nine years of age there is confusion when comparing two
moving objects or persons as regards the time taken and the distance
covered; going further usually implies having taken more time. It is very
difficult for children of this age to admit that time is something that can
be measured independently of what has been accomplished during the
time. In fact, they think that a watch does not work in the same way
when it is worn by someone who is running as when it is on the wrist of
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someone who is walking slowly. For them. there is no common, homo-
geneous time. The insufficiency of this postulate in physics became clear
only when Einstein used the constancy of the velocity of light. as demon-
strated in' the Michelson - Morley experiment. to derive his principle of
relativity. It seems that. once again. children's intuition has something
in common with late developments in science.

The findings of developmental psychology indicate a very clear parallel
between the child's reasoning in logico-mathematical problems and his
way of attacking problems in physics (generally. to start with. in simple
mc_.hanics). For instance, even in the preoperational period. when his
logic is still a semi logic of one-way mappings. when a child is asked about
the respective lengths of a piece of string in the situation pictured in
figure 1, he knows very well that if one pulls on the extremity of .1 (for
instance. by hanging a weight on it) . A will get longer and B will get
shorter: but since he is as yet incapable of quantification. he will not
suppose that .1.4 = AB. In general. the child thinks that the gain in the
length of A is more than the loss in the length of 13; after all. :1 is "where
the pull is" (Piaget et al. 1968). To take another example. where the

r

L

Fig. 1. Spring. :.tring. and piney ta,k operation,

apparent dincrepaney between knowledge of physical phenomena and
logico-mathematical reasoning is more striking, at the stage of concrete
operations, in the following situation (Piaget 1970 a rubber band is
marked with a clip at one third of its length and then is stretched out.
Children initially think tnat the stretching occurs only at the ends and
then. shortly afterward. at the end of each segment. However. applying
the additive compositions of which they are capable at this stage. they
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think that the change in length is the same for both parts, despite their
initial inequality. They can then observe that their predictions were
wrong; but since at this stage they are still incapable of understanding
proportion, they will content themselves with the following explanation
"The long hit gets more added to it, the small bit less." The logic of this
reasoning is perfectly comprehensible, but it is combined with the idea,

i'as regards the physics of the phenomenon, that, the "pull" is not distrib-
uted over the whole rubber band but seems to result in "bits" added at the
ends. Somehow or other, this idea seems to many people more "wrong"
than the corresponding logical concepts, which do not yet enable children
to deal with proportionality. Interestingly, as soon as children understand
proportionality, they correctly predict the length in-thislirolilem and then
(as regards the physical.-.aspect I immediately maintain that the "pull"
goes through the whole rubber band and that therefore the force is evenly
distributed over the whole length.

However, despite, thiii close parallel, a certain time lag in the construc-
tion of physics concepts is comprehensible. The logical operations open
the way to deduction and do not need any Checking with reality, but the
physical concepts demand constant checking by experiment. For instance,'
from very simple premises we can find the following conclusion: if clay
retains its total volume when it is split up into little bits (as in the
volume-immersion test) and if any shape of day can be find to produce
a piece of fired cla3 of the same volume, we can deduce that a piece of
fired clay also maintains its volume on fragmentation. In this case, the
experimental check is extremely simple, but often such checks are very
complex. It may well be that it is this complexity which accounts for the
historical time lag between the development of logic and mathematics and
that of physics. However, the parallel of the two types of knowledge in
child development would suggest that, educationally, the two subjects
might be taught in much closer connection than is usually the case.

Where in this scheme of things does one place geometry? Historically,
geometry went hand in hand with logic. But in school programs the two
became separated. Only recently have educators begun to follow Piaget's
pradice of amalgamating logic and mathematics (and therefoiT geom-
etry) in one whole: logieo-mathematieal knowledge. Once again, experi-
mental psychological findings reveal a remarkable parallel ; cognitive
development is an indivisible entity, and its laws and the progression of
its structures ;nay have different manifestations in different types of
problems but nevertheless remain basically the same. In fact, in many
experiments a child's physical explanations and logical and geometrical
solutions are inextricably, linked (as was the case in the experiment on
the pulling of the rubber band).
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To take an example that has clearer, geometrical implications, corsider
the following experiment (Piaget and Inhelder [a] 1947). The child is
shown a squat, angular bottle of ink (see fig. 2a). This bottle is put into
a cover so that the level of ink is invisible. The child is then asked to
draw, in a prepared frame that shows the bottle and the table (see fig. 2b).
the ink level (i.e., indicate where it is, then to draw its level if the bottle
is tilted, put on its side, or turned upside down (all the positions are
shown, but with the cover). The first drawin6 (in the preoperational

(a)

(b)

Lg. 2. (a) Bottle with ink. (b) Frame positions showing line of the table.

stage) show scribbles that fill the whole bottle (and go beyond as well!)
At a second stage, the level of the ink is drawn in all situations as parallel
to the bottom of the bottle, and in the upside-down position the ink may
be hanging from the top (see fig. 3,. In the next stage, certain modifica-
tions are introduced, mainly by having the ink go toward the opening and
drawing oblique lines that connect the corners (see fig. 4). Finally, of

1"`

Fig. 3. Examples of drawings at an early second stage

N,
Fig. 4. Examples of drawings at late second stage
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'Surprisingly. the drawing by anticipation is correct 177 percent success
rate) only at the age of seven. Interestingly. even the simple copy of the
final state is correct (76 percent) only at five-and-a-half years. Even
more interestingly, the deformations introduced in the copy are of exactly
the same type as those in the anticipatory drawing. but they appear two
years earlier. This fact alone is full of interest and proves once again
that it is not sufficient to have the model in front of one's eyes to be able
to reproduce its structure. The following types of drawings %%we observed
(here reproduced schematically) :

1. The very simplest solution consists in a simple copy of the initial
situation, or in a horizontal recombination (see fig. 6).

0I'

Fig. 6

2. Next at about the same af:Psi the two squares are drawn one apart
from the other and the top square is moved up instead of-sideways (see
fig. 71. Fifty-five percent. of the ihawings of the five-year-olds are of
this type.

Fig. 7

3. A very interesting series of drawings is found at the next level (see
fig. 81. They !,eeni to indicate that the main difficulty resides ill the prob-

r

(a) (b)
Fig. 8
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lem of what happens to the right vertical side of the top square when its
left vertical side is displaced away from the corresponding left side of the
bottom square. The displacement of the right side is represented either
as symmetrical to that of the left or vice versa I drawing 8c). In other
eases, one of the top square's sides is correctly placed relative to the
corresponding side of the bottom square: but the top square's other side
is drawn in vertical extension of the corresponding bottom square's side
( original position as in drawing 8b.

4. Finally, of course, the problem is solved. However, when little ver-
tical strokes are drawn on the squares, on the bottom one to the ri zlit, of
the top side and on the top square to the left of the bottom side. the prob-
lem becomes more difficult (see fig. 91. As one of the subjects said: "One
of the strokes is near one side and the other one near the other side. so
they can never come together." It, seems evident that neither remarks
such as this nor the deformed drawings can he the result of faulty per-
ception. or of optical illusions. Again, the only way to explain them
would seem to be by taking into account the particular character of
preoperational thought.

Fig. 9

The solutions indicate that the main problem is ordinal. The relation-
ship between the vertical sides of the top square and those of the bottom
square is what the child works on (and fails to solve before the age
of seven). The horizontal distance between the two vertical sides is
neglected: the shape of the whole land all children of this age recognize
a square when they see one!) is sacrificed. Either the intrafigural rela-
tionships are conserved, AS in the.fiyst stages. or an attempt is made to
represent the intrafigural relationships, but the two cannot yet be
coordinated.

Another characteristic of early "geometric" representation is that cor-
rect drawings can be made of the initial and final states of a figtire that
changes its position in space, but the intermediate stages cannot be repre-
sented. In the very simple case of a vertical stick 120 cm long, 2 mm in
diameter (Piaget and Inhelder (b) 1966]) that pivots on its base, fixed by
a support, children are first asked to draw the stick when "it has fallen a
bit" (the movement can be quickly shown by pulling the stick down
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through an angle of 20° and 30°1. After this drawing. the child is asked
to draw the stick in several positions: first when it is upright, then at
several points "on the way down." and finally when it "has fallen right
down. flat on the wooden support." The experimenter directs the child's
attention to the pivot and makes it clear that the stick cannot move away
from that point. There is little difficulty. even at the age of four-to-five
years. in drawing the two extreme positions. The interesting errors con-
cern the intermediary positions. Figure 10 shows schematized repre-
sentations of typical errors in indicating the intermediary positions of
the stick: the dotted lines represent the (correct ) initial and final posi-
tions. Solution 3 is particularly popular at four and five years of age.
Solutions 4 to 8 are more or less contemporaneous (at five-to-six years
of age). and they all show the difficulty of coordinating the movement
of the top extremity of the stick (which describes a quarter of a circle)
and the successive positions of the whole stick. The curves in solutions
6 and 7 are particularly interesting and represent an incapacity to con-
ciliate the (curved) trajectory of the extremity and the fact that the
stick itself does not change its shape.

2

5 6

3

Fig. 10

7

4

8

Should we conclude that geometry follows exactly the same develop-
mental line as that of logical and arithmetical operations? What about
(lac famous mathematical intuition and its supposed reliance on mental
images? According to Piaget, this is partly trueespecially for the early
perioduntil the first grouplike structure of transformations is firmly
established. However, geometry remains a case apart because of the very
close correspondence beheen its Gpefations and their spatial representa-
tions I (Irawing. models). Other experiments have shown how. once the
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attachment to the initial and final states is overcome, children around
seven or eight years can solve problems with complete and elegant rea-soning, whereas young children, though often able to answer correctly.
either cannot justify their answers or else cite the wrong reasons. In one
experiment the children were presented with a number of drawings
(Maga and Infielder Eb) 19661 such as those in figure 11. They were

\

)

1/-
1 2 3

Fig. 11

asked which one of the two lines (two roads, two bits of string) in each
drawing was longer, or were they the,..same? Without giving a detailed
analysis of the various stages that characterize children's responses, the
f.llowing are the main points. At first, from the age of four-to-six years.

think that there is a total correspondence between surface and
perimeter, although neither is conserved. Then (seven-to-eight or evenup to nine years the first conservations lead to "wrong" conservation: achange of shape of a surface (for instance. when a square of cardboard
is cut into strips which are then glued together into a long rectangle) is
no longer thought to change its area. "therefore" the children think that
its perimeter cannot have changed either! Conversely, a change in the
form of a perimeter (a wire) is thought not to change the surface it
&Militates (I.unzer and Bang 1965). In the case of the four figures we
have taken in our example. the problem concerning 1 and 3 can be an-
swered correctly by means of simple notion; of topology bone surittee is
included in the other: therefore the outer line is longer, since the inscribed
surface is smaller than the includiag.surfaceL The same type of reason-
ing, however. leads to wrong answers in cases 2 and 4. In other cases,
children below eight years may answer on a numerical basis, this time
already reasoning only on the lines and not on the surfaces. In drawing 3,
for instance. this may lead to the answer_ that both lines are the same
length: "They each have four

From seven years onward. correct answers are given to situations 2 and
4. and the arguments become based on the possible transformations that
would permit a direct comparison: "If you put one of the lines in straight
bits like the other. you know it's longer."

It seems clear that in a certain sense geometry constitutes a special
ease, where representation and mental images are much more adequate
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synthesis than in any other domain.
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effective problem solver need "masses of structurally organised knowl-
edge." However. Mager s position makes clearer the general finding that
the level of thought determines the degree of conceptualisation, and the
degree of conceptualisation facilitates strategies of thinking. For. ni the
view of Piaget. to know is to assimilate reality into systems of transfor-
mationsto know is to understand how a certain state is brought about.

Reynolds also takes up the question of the construction an-1 testing of
hypotheses. He points out- that. in Piaget's,vie,w, when a pupil begins to
think formally. his construction and testing of hypotheses 'develop to-
pther. The results of the study do not fully support this claim. There
were occasions when a hypothesis was not recognised as such. when
hypotheses were not systematically constructed. and when hypotheses
were constructed or recognised but not tested. The questions relating to
the potatoes and hard- working scientists and NIr. Smith presented hypo-
thetical situations. The premises in each question were require(1 to be
accepted. although no cons truction of hypotheses was involved, and de-
duetions were to be made only within the framework provided. It might
ha expected that all pupils at the stage of formal-operational thought
would be willing to accept at)(1 think within a hypothetical framework.
but t results showed that this was not so.

Finally we may.note that some of the answers confused data and eon-
elusion. This confusion revealed inadequate notions of the converse of a
statement and showed that reversible operations youthd not always be
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Concept of Mathematical Proof

in Abler Pupils

The concept of Woof hi mathematics will always be important whatever
may be the nature of the curriculum. Professional mathematicians have,
of course. analysed the concept of proofas. for example. in The Work!
of Hothemotics Newman 1960. Allendoerfer 11957 is one of a number
of people who have given methods of proof together with illustrations at
high school level. Again, Fawcett 119381 attempted to teach the nature
of deduetive proof to high school pupils. But the stud,/ of Reynolds
11967, on which this pap,r is based, is the only one known to inc that
studied the ways in which pupils of junior and senior high school age
develop their concept of proof. The aim of this study was to investigate
the development of the understanding of mathematical proof in pupils
in British selective (grammar and technieed I secondary schools and to
see how well this development is explained by the framework provided
by Piagers genetic psychology.

Reynolds starts from the position that a scheme, a generalisable plan
of action, Jr strategy of proof may be characterised as the combination
of two processes: the construction of a hypothesis to solve a problem or
explain an event. and the construction of a proof or disproof of the
hypothesis. In the construction of the hypothesis the rules of logic are
generally Tittle value. for it requires some new combination of the
problem solver's knowledge and the data of the problemthere is an
attempt to "close a gap." It might be hypothesised. for example, that a
certain relationship exists between some variables in a problem. or that a
prope'y observed in a finite number of instances can be extended to a
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other concepts, what the effects are of continuous teaching from grade
one involving small-group work, opportunities of the child to act on
reality. much discussion between teacher and pupil amid pupil and pee'
and a teacher who knows something of the structure of the subject mat teet
This studN7Only begins to touch this important topic.
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wider class of elements. To the hypothesis and the data of the problem
the rules of logic may be applied in an attempt to arrive at a proof or
disproof.

Thus when a hypothesis has been constructed its validity mustbe
sought. and for this. methods of proof and disproof are available.
Reynolds lists five methods of proof and two of disproof. These :tre:
direct proof; proof by the use of contrapositive: reductio ad absurdum
nwtImd: !woof by enumeration; proof by existence; disproof by Cowl a-
diction: and disproof by the counter - example method. These will not,
however. he discussed here.

AsPECTS OF PROOF CosstnER n

Tests were constructed to involve the following aspects of proof: gen-
ams. symbols. assumptions. and methods of proof. These were

chmen for the reasons now briefly indicated.
A generalisation in mathematics is a statement that :t property bolds

for every member of a particular class. In the tests given all such gen-
eralisations sprang from :t finite number of examples. Thus each generali-
sation is a hypothesis. and in schemes of proof the making of hypotheses
mid reasoning from them are important. Assumptions are essential in
any argument. and no conclusion is worth more than the assumptions on
which it rests. Pupils must be able to recognise their own assumptions
anal tho,e of others. Again. if pupils are to eonstuct proofs, they must
have some awareness of nays of inference and of methods of proof.
Attention must be paid to the use of iniplication and the forms associated
with it. moreover. the 11.4111(4i° ad absurdum niethod was involved in
sonic questions as it concerns hypotheses and the handling of conta-
dictions. Failure to sec :t circular argument shows lack of awareness of
rules of inference. Finally. facility is needed in the use of symbols; so
questions were set to see how pupils viewed mathematical symbols in
certain situ:16°1)-z. and they were also asked to state a purpose of symbols.

THE EXPERINIEST

Sample

Subjects were selected from six grammar schools and one technical
school. Table 1 shows how the pupils were spread among the age groups.

All the pupils took paper-and-pencii tests. In addition, 80 pupils were
interviewed individually. These' were 14 girls and 17 boys front the first
forms, 11 girls and 6 boys from the third forms, 9 girls and 7 boys from
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T.1131,F I

Distt ilmtion of Pupil.: by Age

Test I Tot 2Group
Girls Boos-----

_ ____
Girl..'

_

Boys
Firk form ----- --

186
---

193222 243
Third form 245 280 240 207Fifth form 169 199 185 120Non= t hematival

sixth (NM) foun 104 22 108 84Sixth (M) form 29- 29 28 67
Total_ _ -;_'___

169
_ 769

___--- 747 671__
the fifth forms. 5 sixth-form boys who did not take mathematics-, and
11 sixth formers who did.

The tests 4=40

Test 1 contained 21 questions, and each was answered by every pupil.
In test 2 there were 11 questions which were attempted by all pupils; in
addition, there were 9 questions set for the first and third forms, and 9
other questions for fifth- and ,ixth-forin pupils. By means of the common
questions to every age group it was possible to get some idea of the
development with age of tne understanding and use of the aspects of proof
considered. Eighty minutes was allowed for each of the paper-and-pencil
tests, as a pilot study had indicated that this time was ample for most

The questions in the two tests were placed iii six sections for analysis
corresponding to the aspects of proof considered. namely. generalisations,
symbols. assumptions, and three methods of proofthose using the con-
verse, reduetio ad absurdum. and deduction. Examples of questions in
each section are now given.

Generalisations. From answers to questions in 'Ms section it was hoped
to discover how far children accept a generalisation on inadequate evi-
dence. how far they suspend judgment. and n hat reasons they give for
the rejection of a generalisation. An example set for all groups was:

Study the list given:
2 1 + 1 6 3 + 3 10 5 + 5 14= + 7

== 3 + 1 8 5 + 3 12 5 + 7 16 11 +5
[and so on. to 16 instances concluding 32 = 3 + 29]

Do these facts show that everyq,ven number can he put as the sum
of two prime numbers?
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As you know, this question concerns Goldbach's conjecture, %vhoste
truth or falsity remains unknown. The sixteen instances given were
consecutive and easy to cheek. Another example was:

Which of 2" and 2n + 1 is larger %viten n = 1?
Which is larger %viten n = 2?
1)o these %allies suggest anything about 2" and 2n -I- 1 %viten a is

given other values?

Symbols. As already stated. questions were set to find out how pupils
viewed mathematical symbols in certain situations. An example of a
question s-et to all groups was:

Is p negative?

Other examples %vere:

Is it provable that 2 + 3 = 5?
What is the put pose of symbols in mathematics?

It was expected that pupils would indicate how they regarded the symbol
"" and any assumption they made about the range of values of p.

.issumptions. A question set to all pupils was:

Mutt do we mean by a logical statement?

All pupils will have heard the word logical used, particularly in support
of the way in which a conclusion is reached in an argument. This exercise
was au attempt to find out what pupils understand by a logical statement.
Another question a'ked was:

What do we mean by a hypothesis? Give an example if you wish.

;.....,

roarerses. Two questions set to all -pupils in tlte section %very:

I. All successful scientists work hard. and Mr. Smith is .1 scientist
who works hard. Can we say from this that Mr. Smith is a suc-
cessful scientist?

2. If all the angles in a polygon are equal. do the sides have to he
equal?

Reductio ad absurdum method. An example attemptet; by all subjects
was:

In figure 1 we are told that AD is not parallel to ('1). and we wish
to show that p and q have different values. ..'omplete the argu-
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Fig. I

Deductions. One question given to all subjects was taken from Lewis
Carroli's Symbolic Logic. It read

(live Illy conclusion that follows from these three statements:
1. No potatoes of mine, that are new. have been boiled.
2. All my potatoes in this dish are fit to eat.
3. No tin boiled potatoes of mine are fit to eat.

A more difficult question (consisting of two parts) given only to the
fifth- and .sixth-form pupils is given below. It is taken from the section
On conveses.

What do we noon by the converse of a theorem? Give an example
if you wish

What is the converse of: "If a quadrilateral is a rectangle, then its
diagonals are equal"?

It will be appreciated that there were 50 questions in the two tests,'
with 1.538 answers to each question in test 1 and 1.418 answers to each
question in test 2. quite apart from the answers obtained b the individual
interrogation of 80 pupils. In order to reduce the amount of work, Rey-
nolds analyse 1, in detail, the rest bto 22 questions drawn from the
six sections and front the two tests.

R Est' LTS

To summarize the findings in limited space is a very difficult task. It
will, perhaps, be best done by considering a question taken from each
section. I must point out, however, that I have greatly simplified the
findingsperhaps "ov-rsimplified themand the percentages expressed
below have been well rounded.

Generalisations

Let us consider the responses made to the example that involved
Goldbach's conjecture. Some 40 percent of the first-, third-, and fifth-
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late Piagetian theory into stimulus-response terms such as "internal
reinforcements- and "transformation responses" is seen by Piaget as little
more than a language game.

The second generation of studies reflects a dissatisfaction with the
Piagetian position in two senses. First is the conviction that Piagetian
stage theory places too rigid a limitation on logical thought acquisition.
It i. asserted by a number of investigators that the logical structures
delineated by Piaget can be acquired earlier through various kinds of
training than is implied by the Genevan "norms." In turn, Piaget is often
critical of the (principally American and Soviet) "obsession" with acceler-
ating logical thought development.

Second, many investigators are unwilling to accept the equilibration
model as the explanation for logical thought acquisition nor the specific
logical operations and structures said to 1w involved in particular kinds of
thinking. In regard to conservation, for example, they do not accept the
role of reversibility not inversion and compensation strategies as necessary
to successful performance. Nor ore they willing to accept transitivity as
necessary to seriat ion, or the classification logic as necessary to whole-part
relations and Flass inclusion, and so on. Many critics undertake training
studies for thq purpose of e:iposing the "true" mechanisms of thought, or
at least to reduce them to the simplest objectively observed constituents.
In general. these studies can be divided into those concerned with the
'echnology of training or learning alai those concerned with the media-
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While a partial test of these expressions may be expected of the twelve-,
to-fourteen age range. the full test might be expected in the fourteen-to-
eighteen age range. Pupils who rejected the generalisation on lack of
evidence showed a move to formal thought and a need for a general proof.
but they did not test the hypothesis.

Symbols

We discuss the responses to the question "Is -p negative?" Since -p is
not part of an algebraic expression, many children think of it as indicat-
ing a state (e.g., position on a number line) or as an operation (i.e., to
subtract p from a certain quantity).

Of those who answered "Yes" to the question, the following percentages
thought of p as indicating a state: around 28 percent in the first year, 55
to 60 percent in,.the third and fifth years, 45 percent in the NM sixth, and
18 percent in the M sixth. A typical reply was ;`-p is less than 0; any
minus quantity is negative." Those pupils who answer, effectively; "Yes,
a state." have a restrictive universe of discourse for values of p. although
they arc not aware of this. Very few subjects (nil in the M sixth) -thought
of -p as indicating an operation. Those who did concentrated on what
the symbol indicated should be done to p and not on the range of values
of p. Anotner ;group of pupils who answered "Yes"mainly in the first
and third yearsappeared to think that p was a different kind of num
ber. Their replies were of the- type, "It does not exist," "It does not
represent a number of articles." With these pupits the indivis1uttl-iire7-
views elearlyshowed that a negative number was not-regarded as a "real"
number. Overall, the first-year pupils showed much uncertainty both in
answering the question and in respect of their concept of negative num-
bers genci4. Nearly one-third declined to attempt the exercise. Of
those who (lack attempt it, many showed they had some familiarity with
numerical terms like +3. 7-2 (e.g., as temperature) but their understand-
ing was intuitive. This evidence is in line with the view that until the
onset of formal-operational thought a child's grasp of negative numbers
is intuitive.

There were, of course, pupils who responded in effect ."not. necessarily";
hardly anyone did so in the ear, but the ratio rose to' around one-
third in the fifth and NM sixth forms, and to three-quarters in the M
sixth form. These pupils may not have explicitly decided to take the set
of integers or the set of real numbers as their universe. Indeed, they may
have considered only a'very limited range of positive and negative integers
for p. but their acceptance of some positive and negative integers for 7)
showed a better appreciation of the position than those who considered
only positive values. There were also some 10 percent of the subjects in
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the first year who answered "No" but whose responses otherwise showed
poorly developed concepts of negative numbers. In the other year groups
there were very few replies of this type.

Assumptions

The responsrJS to the question "What do we mean by a hypothesis?"
were divided into those which showed some appreciation of :t hypothesis
and those in which the ideas expressed were of little value. Examples of
good answers were of the type "Something supposed" and "Something
taken for the 'sake of argument." Pupils whose replies fell in this cate-
gory gave the impression that they regarded a hypothesis as a statement
tentatively accepted and to be used as a basis for reasoning. Very few
responses in the fist and third years were of this kind, the percentage
rising to around 15 in the fifth year, and to about 40 in the NM, and to a
little over 50 in the M, sixth forms:.

Nearly the answers in the poor category centered around one or
more of four possibilities: a hypothesis is a true statement, an untrue
statement, a proved statement, or one that cannot he proved: The per-
centage of poor answers varied from 5 percent,-in years one and three,
to some 25 in thE-NM, and to 20 in the M, sixth forms. It will be appre-
eiateckirom the figures given above that in each of years one and three
over 90 percent of the pupils did not respond to the question, this figure
41,5H)ping to 20 percent in the M sixthEform.

('ourorse

Ilere we discuss the replies to the exercise: "All successful- scientists
work. hard, and Mr. Smith is a scientist, who works hard. Can we say
from this that Mr. Smith is a successful scientist?"

Some 25 pereent491 the responses of the first - and third-form pupils
answered "Yes" in one form or another. 'I'bis figure decreased in the fifth
form. until in the M sixth form only 1 to 2 percent answered in this way.
None of the subjects who so responded realised that they had accepted
the converse of "all successful scientists work hard" or had equated the
set of suecessful scientists with the set of hard-working scientists. A typical
reply was "Mr. Smith works hard nod those scientists who work hard
are successful." This kind of reply regarded as empty the set of scien-
tists who work hard and are not successful. Other pupils who put "Yes"
regarded the situation as one reflecting real-life conditions rather than
as a hypothetical one. Their view was that if you worked hard enough,
then in the end you should be successful; and the answer "Yes" 'was given
in spite of exceptiofis.

There were two categories o: reasons for "No." In the one a good
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reason was given; in the other the "rease:, advanced was noteadequate.
Those pupils in the "No, good reason" category realised that it could
not be said with- certainty that all hard-working scientists were successful.
Vet even though the pupils understood that the converse of the first state-
ment-of the exercise was not necessarily true. a few supported their con-
clusion by reference to real-life situations and argued that other factors
such as intelligence or skill might well affect success. These children,
too, were looking upon the situation as a practical one. However, around
55-Percent-of pupils in the first and third forms gave a "No, good reason"
type of reply, the figure rising to 85 to 90 percent in the NM, and to over
90 percent in the M sixth form. About 18 percent of first- and third-form
pupils gave a "No, poor reason" type of response, but among the older
pupils- the numbers of such replies were negligible.

This question involved the inclusion relation between two classes:
the class of successful scienusts X. and the class of those who work
hard Y. The relation was X g Y; if X' is the complement of X in Y, then

+ X' = Y. So the problem was concerned with three classes, X, X',-Y,
connected by X + X' = Y. This type of problem can, of course, be
solved at the stage of concrete- operational thought. But two features
make it difficult to solve it at this stage of thought. First, the situat
is not easily imageable. and since it is certainly not perceptible it is not
easily intuitable. Second. X' was not explicitly mentioned. One would
expect, therefore, a good percentage in first and third forms giving a
"No. good reason" type of reply, and a rapid increase with the develop-.;
ment of advanced formal thinking. This is broadly what was found.

Reductio ad absurduin method--
_

Here we discuss the responses to the exercise: "In figure 1 we are told
that AR is not parallel to ('I), and we wish to show that p and q have
different values. Complete tne argument that starts, 'Either p and q
are equal or-they are different; if p and q are equal then. ..

In the schools used in this investigation, parallel lines were studied in
the first forms, and all pupils knew that when parallel lines are cut by a
transversal the alternate angles are equal and the corresponding angles
arc equal.

The responses fell into four categories. The first category was poor;
in this no effective contribution was made to the arinnent. There-Wire
comments on p or q or on-the-diagram (e.g., "p and q are alternate'' or
"CB is a transversal of AR and Pi) "l, but no attempt was_made at any
argument. The percentage of pupils responding in this general -way de-
clined from some '25 in the first form to 6 in the fifth form, and nil there-
after.
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Category two included the replies in which it was deduced that AB
was parallel to CD fi um the hypothesis 7) = q. Some pupils whose re-
sponses were put, it this category made the other unjustified assumption;
that is. "As p and q arc not equal, lines .413 and ('I) are not parallel."
The number of pupils in this category steadily declined from around
35 percent in the first year tc. 14 percent in the sixth form. In general
the pupils whose replies were so categorised fail' 1 to realise the role of
the original hypothesis, p = which became tie source of a deduction
that contradicted the date. They were unable to compare their conclusion
with the data that .4/3 and CD are not parallel. It is also worth noting
that dyer half the first-form pupils interviewed said that alternate angles
were always equal.

The third category of responses was termed contradiction reached, for
the pupils indicated that-they had arrived at a contradiction but did not
knpw how to deal with it. Put in another way. all the pupils realised
that a contradic^n had been reached but they did not see, that the
source.of it-was the hypothesis p = q. A typical reply was "AB parallel
to CD, which is not so." Remarkably, the percentage of pupils giving this
kind of response remained steady and ranged only from 12 percent to
18 percent across the forms.

The percentage of answers in the fourth, or good, category increased
from 14 in form one, to 38 in form three, to around 60 in the fifth and
NM sixth forms, to close to 70 in the M sixth form. All the pupils whose
responses fell into this classification recognised that the deduction
AB 11 CI) was inconsistent with the data and realised that the source of
the contradiction was the hypothesis p = q. So this was discirded and
the only other alternate p q accepted.

Deductions

Responses to the potato question taken from Carroll's logic are' now
examined. Five types of answer were found: -those correct, those that
did not 'reach a solution but that showed no inconsistency, those that
made a contradiction, those that added new information, and those that
treated the three statements as unrelated.

The percentage of correct responses_increased from around 32 in form
one to 75 to 80 in the M sixth form. There was a remarkably steady
percentage of replies in the second categoryaround 2:i up. to and in-
cluding the NM sixth form, thereafter the figure fell to 9. Examples of
these incomplete replies were "New pdetoes are unfit to eat"; "The
potatoes3in the dish are boiled"; "No new unbolted potatoes.are fit to eat."
For ease of discussion let us ,,omith,r these categories of response first.
To reach a solution a number of steps are necessary. From the three
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statements a suitable pair must be selected and a deduction made. Thisdeduction must now be regarded as a statement about the potatoes, andcombined with the unused statement of the ,original three to draw thefinal conclusion. Apart from a few answers in the second category whichgave one V the original statements in another form (e.g.. "All my un-boiled potatoes are not fit to eat") no one had any difficulty in reachingthe deduction from one of the suitable pairs of statements. But two
difficulties appeared to hinder the solution. -First, the deduction '.t asregaitled as having to he combined with the unused statement of theoriginal three. Second, the combination of the-ideduCtion and the secondstatement (of the three) seemed easier when the deduction was in theform "My potatoes which are fit to eat arc not new'' than in the formAll my new potatoes are unfit to eat."

When we turn to the other categories of response. we find that some15 percent of pupils in years one and three provided a contradiction, the
corresponding figures for the other years becoming very small. In a very
few instances in each age group new information was added (category
four type of response), while around 13 percent in the first year but veryfew thereafter treated the statements as unrelated (category-five re-sponse).

The responses that yielded the contradictions are interesting; all gave
a reply inconsistent with the data or with a deduction from them. State-
ments one and three are both in negative form; i.e., one set was said tohave no element in common with another set. Contradictions such as"The new potatoes are boiled" and "All my potatoes are boiled and fitto ei ' were attempts to put these state-tents in a positive form. Other
resQilf.c,7 in this category involved errors regarding the age and state ofthe potatoes (e.g.. new potatoes ar, fit to eat"). A common failingwas the lack of check between the answer and the data _giyen.

T ,: LT:: tx T IIE Liu ivr or
Pi Ai.E.r's 1-)Evimorm EsTiii. SYSTEM

Since all the subjects were above average in attainment and measuredintelligence, it is reasonable to suppose that those in the first and thirdforms would be acquiring formal - operational thought and be at 'Piaget's
stage 11tA. Those-in the fifth and sixth forms would he aged-Ifi+ to 18+
years and might- be expected to make full use of formal-operationalthought and be at Piaget's- stage MB. Ilowever. because of individual
differences in ability which would make some very bright third formers
more intellectually ad-vat-feed than some fifth formers. some overlap in
respect of performance must be expected. Indeed. this is what happened.

-4

*



,10 

.- t-- 
74. 

LL 

luau 0111 i:tio.0taa Jo latittu.,, 4.1011) 11:11- 1:0111.fau_ striouSou 

gt 1. situ) (()0140.1(1 :tip (II 

.ir uo 1oa ,..rcij 110 ottit0. 
17 tto 0(1 lowly.) p .1c s! otp (tutu g 

1 tto s,! op% (tutu Saa.c,,.! 

pappop 
Jti 10ttutta .to `011:j 011.11 0.11: Spl.)111011!)y.: `Ailil.k10110.1 0111 JO (Hip 

111(1 J011l1111110) (It) 0.11: 011.11 (tow at!) Hu II 

: gi!(111(1 111: 

palua,:a.u14,,110!)1tn)!.4 litttmoiloj 0111 0) opt)o(I 0111 iu paalo.cut 
tiopumts as.taaad p0a11an.11 :: 0111 «um.; .11n)aut),: atop Jo a0.11;a1) alp 

UI ttopityr.t alquaaptsttoa pamotis 0111 01 1)040(1 :41to11izatilt 0(1,1, 

X011VtriaiSNO3 (10. .1.N10(1 

J;I1 :111 :.tt 111; 110111 iutto!)».10(10-1ittlitoj agn 01 
;Itt!suoaatt!'int Palita!put 0111 mg p0a1:011(11: 

litipju!tri Jo al:1s intiopitaa00-01 'datm ail; Jo at1::!.10).)U.tu4.) 0.1am_ mil 
4.10MS1IV Sauda.t ail) Jo adman! 01j1 ti! IraI pooh aoj 1tnoa0u ;Ittpitt!t!) 

Jo satiulc. Alutpa1i 0a gtio!11:10(ttaoj s.1,-)1111d ,:::010111.10.tay stuaoj pa!til 
put; )s.t!j ail; u! 0s0111 .I0A0 ittatua.w.t(litt! pamotr ..:!!(111(1 

ttatoj-111x !s put -ttiju atj) Jo 4.tamsur oil) sttopg0111) auto,: 01 .10.c.)MoH 

tiot1J0:4 ttoDatipap 0111 tit .)!/;07 dfloqtraisc sito.ant,) a.ttJ i wok, 
ttaNy) tuaigo.ul au; 01 astto(1.-40.t paltoa ;.lut.c!fi sa1t1(taaa0(1 0111 til 

potnaut .,unpangt11: pt otlatipaa 0(11 tto utaigoad 

01 X.10 0180 poo.ti ail, It! :40.,:tto(1:-.0.1 Jo 020)110a.tad atp u! ai..ttatatn at!! 
sasla.kuoa tto tio!)00.-: Jilt ut :1:11(1;)04 litt!)1.10m-pant! 041 pint (mutt; 

qv. 01 lituptial 0.-:!.).10x0 0(11 .i110,-).1.to0 littt.tamstut s)limu00.10tl 0(11 iti 
ittatudiois 

10.)001 s!sdgiod fill JO litt!ituatil 0111 JO thIlpll1 liz.141)1111 .10110(1 011,1 

litttstlimatta loj sjotittas Jo anitt.c 0111 , st:40ti(litt0 

u '1 ug 
< g ttot1INti».tatl01.; 0111 1)01110!Put )»u) sq)!It10.! all) Jo .);i1:11t0a.ta(1 

p.)::.1:)a0tt! 0(11 Pint .,:)atn:),:itt Jo .10(1tu11ti tto Pa4u4 ttoousql;.1311ail 

.10.1 oattoptaa Jo Ialti 0111 &:F..101(11110 01 0.0111 .11!01.) 1! !.%% 0.10111 0.10H 
quit)1N!ift.lotta2 (1qm `,1t!!!1:01) :tio!isattl) 0(1) ttj 

:aaam pals!! am gtio!v..0111)011) 11! sa0mz4 

..411xtr: pin: ,sIRjg 0111 It! Ittattlaaoadult 01(11:101t Jo 9110l:zU.).)0 Jq1 11111 

'sdn0.11 in stiong;m1r3til 01 s0il.0!0.t(1(11: ((0(1(1(100 aaam 010111 aoj 

loom loapousaytoK )0 )(Wood ay; lo suoustlop.wa ay/ / 11o.so7 



ps. 4r

J.

Piagetian Research and Mathematical Education

theoretical framework in respect of fornml-operational thought arising
out of lithe lder and Piaget's experimental tasks did not explain all the
findings in this study. He maintains, for example. that the degree of
structure of the problem is relevant. The advantage of a well-structured
problem lies in the fact that its assumptions, variables, and universes of
discourse of the variables are easily identifiable. The problem solver
then has no need to introduce assumptions or hypotheses front outside
the situation as he attempts to solve the problem. He can construct
hypotheseii by relating in various was the variables of the situation,
deduce the consequences of the hypotheses, and then test them.

In a loosely structured problem either all the assumptions are not
stated or die variables are not easily identifiable or the universes of dis-
course of all the variables are not given. To such a problem the solver
must bring his own assumptions and universes of discourse dra%n from his
omit experience. For example -in the question that asked whether p was
always negative. those who replied. in effect, "Yes, a state," assumed that
p took positive values: but the fact dint this emised a restriction was not
recognised.

In the question relating to the conimittee in the deductied section,
some of the assumptions made were:

No woman is on both A and B.
There are no women on :1.
There are no women on A or B.
After the change there is only one committee.
.Some women on B can be on .1.

These assumptions gave a more definite structure to the situation and
led to erroneous conclusions. Reynolds argues that in Inhe lder's experi-
ments a pupil had a better opportunity to rectify a wrong assumption by
practical manipulation. We must also note. however. that Reynolds does
not make clear any differences he found between the written answers and
the answers -btained by oral questioning: in die latter instance supple-
mentary questions could have helped the subject to see the consequences
of his assumptions and so arrive at inconsistencies. I personally feel that,
throughout the study. pupils %vould perforni rather better at the imii-
vidually administered tasks than on the written tests. and I think
Reynolds would agree.

o much for tlie structure of the questions. When we turn to the sub-
ject's knowledge of the concepts involved, we mind, as hi all other studies:
that the level of his understanding of mathematical concepts has an
effect on the quality of his answers. There is nitwit in common here with

f;agn6's viewpoint. namely. :fiat strategies of thought for use by the
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The Training and Acquisition .

of Logical Operations

Niathematicians and mathei;ta tics educators are interested in Piaget s
theory of cognitive development because it explains how mental operations
basic to mathematical thought develop. They do not, e- the whole. have
much interest in Piaget's views of fundamental logical or mathewalical
relations, such as his ideas about the logical properties of number..Since.
according to a number of philosophers of science, it is desirable to isolate
philosophic and logical systems from psychologizing, mathematicians and

_logicians are able to view the psychological implications of Piaget's theory
quite inlependently from its mathematics. even though a significant part
of the psychological theory has mathematical and logical content.

Beyond this, interest in Napes tliT.ify is centered on two of its feature;.
First is the identification of the functional and structural potiptrties of
thought, as they undergo change with age, The theory holds that while
adult forms of thought 118 ye t heir precursors in the structures of child
thought. they at: qualitatively different from the thought of earlier
periods. The early forms are not suited to particular kinds of problem
solving. Problems that entail the use of propositional logic, for example,
are approached by children with strategies that lead to immature and
incorrect sOlutions. This view stands in opposition to theories of thinking
and development that asstime that cognitive processes are the same for

Preparation of this paper was aided in part by NICIID Giant
1)-00925-00-10.
The :man' grateful to .loan Kay Clayton and Carol Doyle for their

it:.sislanee in the prepatation of the bibliow a pith. materials.
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all ages, with the child's thought only a less complex and quantitatively
reduced form of the adult's.

The second aspect of the theory that is of theoretical and practical
import is the position it espouses vis-a-vis learning-. Piaget's theory is a
developmental theory that subsumes learning to development, in contrast
with behavioristic theories that explain development in terms of the
processes of learning. Piaget's view is that experience results in learning
only to the extent that the elements of experience are assimilable to exist-
ing cognitive structure. Experience, whether it involves practice, rein-
forcement. need reduction. or verbal rule learning. yields no persisting
residue if it does not take place in the context of appropriately available
intellectual resources. This is a very strong clan) and it has not gone
unehallenged. It is the intent of this review to examine a variety of studies
that have questioned. defended. or examined the Piagetian thesis concern-
ing the relation of learning to logical thought development.

In Piagets conception of cognitive development there is continuous
change in which the child's thought emerges out of the actions he performs
upon the objects in the world about him. These actions upon objects consti-
tute the model for later thinking, since the most important element in both
the child's and adult's thought processes. the logical "operations." are asso-
ciated with action. Logical thought is conceived as a form of implicit
action. Action is represented in the general property called "reversibility,"
a form of action that n be canceled by a reverse action. In its logical
form. an operation can canceled by an inverse or compensating opera-
tion, as in the ease where the addition of a unit is canceled b" the sub-
traction of the same unit. This characteristic of thought is embodied in
all logical thought. and for the Genevans is eritieal in determining true or
complete."opetativity." that is, the full achievement of a logical thought
system. The flexibility of operations- represented by reversibility is the
feature that distinguishes operative from nonoperativq thought. It is a
flexibility. nonetheless. that develops within a structured system organize
in accord with logical principles that are codified by Piaget as the logic of
classification. the logic of relations, and the propositional logic. Reversi-
bility and concrete-operational thinking develop .at about the age of six
or seven yeam Preoperative thouAlt, which exists from the end of the
sensorimotor period t about the age of eighteen niOnths to two years),
while not %vithout its logical properties, is at most a limited logic (a semi-
logic, as Piaget puts it), and it lacks the key reversibility eature. The
entire system of logical thought develops under the control of a self --
regulating mechanism which Piaget denotes as equilibration. Equilibra-
tion, operating in conjunction with maturation and experience, is the
central mechanism by which development occurs. It the process by
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virtue of which the individual constructs logical schemes out of the ele-1.
ents of his experience as well as from already constructed operations.
The Genevans first 1came interested in learning for training( studies

as a defense of the equilibration model. The most important theoretical
alternative as they it was the general behavioristic model common_to
Hull, Skinner, avlov, and (tillers. Whatever other features they might
stress, such as need reduction, contiguity, or feedback, they have in
common the attribution of learning to the external reinforceinenrof
responses made by the subject.. For Piaget, learning in this sense is "pro-
voked byiiituations.' It is provoked as opposed to being spontaneous,
which is the prime characteristic of development. The Genevans felt it
necessary to attack tile behavioristic alternative to equilibration theory
because of its appeal to learning theory itst1 e principal alternative
explanation for the phenomena of development.

Among the training studies that followed one can delineate three genera-
tions of researches. The first was by the Piagetians themselves, the
second by those with a variety of theoretical orientations and methods.
The third generation reflects a return to the training ',studies by the
Genevans. In the first generation an attempt was made, as indicated, to
linttress the equilibration model agains. behaviorist attack. The studies by
Siedsluml ([a] 1959; [Id 19(11), Wohlwill ([a] 19591. and the Genevans
themselves (Piaget [a] 1959, are significant. Smedilund contrasted external
reinforcement training with conflict-equilibration training and showed that
while reinforcement might be effect've for learning it did not compare with
the effectiveness of a conflict - equilibration procednre. He also ephasized
that when learning did occur it, was with subjects who already had the
rudiments of operational structures t(vailable to them. Piaget [Id 1964),
in commenting on the Smedslund studies, observed that while Sedslund
was successful in inducing weight conservation with his method, he was
not successful with transitivity training with the same method. This led
Piaget to make a distinction between training physical relations and train-
ing logicomathematical relations. He argued that training could be suc-
cessful for physical experience but not for the construction of logicomate-
matical structures. Ile also took note of ;chat he saw as Wohlwill's success
in inducing number conservation through additive operations. He cited
this to be an example of learning when one bases a more complex structure
on simpler structures if there is a natural (i.e., logical) relation between
them. What is common to Smedslund'Q Wohlwill's, and other Piagetians'
experiments in this area is the rejection of "external reinforcement" as a
model for the acquisition of logical and in fralogical structures,

In this period Piaget also rejected attempts at a theoretical rapproche-
ment with neoassociationism. The effort by Berlyne (e.g., 1965) to trans-
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demonstrate the-validity of this argument, they conducted a perceptual
screening experiment with four=, five-, six-, and seven-year-old children.-
The essence of the experiment involved requiring the child to make deci-
sions about: the quantity of water poured-from one container to another in

-a variety of conditions, with and-without screens. The child made com-
parisons between the predicted height of the water and the actual height.
The purpose of the screen was to foi?'ce the child to-base his judgments
upon the-identity of the water, which would help him "resist" the effects of
changes in the appearance of the water. Resistance to the alternations in
water shape was considered to result from the linguistic representation of
the perecptmil relationships-viewed in the experiment. The effect of the
training by screening was shown to be_considerable the-five==, six-, and
seven-year-old groups. The-four-year-olds, howeverishowed no improve
mentin the transfer posttest.

Piaget ([e] 1968) is ifispecc-a112,- critical of these studies. First, he
implici -that -Brdner's _subjects- attained a type of pseudoconservation,
whose trine status would be exposed by the use of a simple control pro-
cedure-. Piaget is also- critical of Bruner's ccnception of logical compensa-
tion, suggesting -that Bruner fails to distinguish '-r-functional covariation"
from "operational compensation," as Well as failing to distinguish "reversi-
bility" (which is logical and operative) from-"empirical return" (which
is a "phySical notion"). His most important, observations, however, are
made in regard to identity. Piaget elaborates a developmental sequence for
identity in which a preoperative type of identity prtigressively yields to
an-operative identity that reaches. maturity concurrently-with the related
conservation operations._ Weoperational identity which Bruner is address-

ing, says Piaget, can only lead to pseudoconservation, Piaget is addition-
ally quite critical of Bruner's-linguistic argument, citing evidence that
language is subordinate- to operations and "does not constitute the-forma-
tive mechanism of the operations" (Piaget [c] 1968, p. 33).

-The effects of Biuner's screening procedure have been interpreted in a
broader context elsewhere (Beilin [e] 1969). The linguistic forms in which
the perceptual data are coded are seen to encapsulate the Allies governing

-the- conservatiiiii operations. The statements thus act as algorithms for
the processing of perceptual input. This leads, as a rule, to limited classes
of correct solution that lack the flexibility of true reversible operations.
More will be said on this score later.) In any case, it is evident that a
substantial number of nonconservers from age five on can be-in-diced to
conserve with the screening procedure, although the fact that four-year-
olds were not able to profit from the procedure is not adequately accounted
for by Bruner, even though four-year-olds have a sophisticated linguistic
system available to them.
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in an attempt_ to systematically formalize the distinction between
identity and, equivalence conservation, Northman and Gruen (1970)
tested children on a variety of tasks involving identity and equivalence
procedures. They were not able to substantiate their prediction that

_identity conservation would precede equivalence conservation. although
they did find that emerges at about the same time as the
operations necessary for conservation.

Although the so-called identity and eqt:ivalence tasks represent two
different- ways of testing conservation, the mechanisms underlying them
are riot substantially different. An- understanding of transitivity would
seem to be required in the equivalence conservation test, since one of the-
_elements- is used -as a connfion measure.- Slime the -common measure is--
transformed or relocated, however, it would seem logically required that
conservation is a requisite for transitivity rather- than transitivity for
conservation. In addition, if -the- identity notion undergoes operational
development in the way Piaget suggests; then the reduction of conserva-
tion to -a -single identity mechanism would seem inadequate. particularly
if this form of-identity is akin to a notion of object constancy.

The attempt to reduce the notion of _conseervation to identity relates to
another problem which- pervades the conservation- literature. It involves
the definition of conservation.- With an appropriate definition, conserva-
tion can be demonstrated at a-very early ages as Bruner and others (-1966)
and Mohler and Bever (1967) attempt to do. If conservation-is defined
closer to Piaget's meaning, however, it is seen as a latet emfting achieve- _

ment. Gruen ([b) 1966) shows this to be true in the use of weak and
strong criteria for evaluating a subject's conservation responses.- A con-
ceptual analysis of the conservation notion (Beilin [e] 1969) _reveals that
certain uses made cf the term, such as Bruner's, distort the Meaning and
significance of the phenomenon. The association of "same" in relation to
"number," for example, involves the conceptual attributes of number,
Dealing with the conceptual attributes of number requires cognitive
capacities-in the child which are different in kind from those in=which
"same" is used in relation to the notion of "object" (e.g., water). -The
cognitive mechanics needed to deal with "same number' arc More sophis-
ticated than those required for dealing with "si.me water." The hierarchi-
cal relation between the concepts is paralleled by a hierarchical relation
between the thought processes required to conceptualize them. Attempts at
reduction from one level to another on a logical -basis alone are not likely
to succeed. Attempts (such as those of Brainerd and Allen 1971) to
show that the criterion problem is not a significant, one are misleading,
particularly if the argument is that both successful and unsuccessful train-
ing studied have used stringent criteria-for assessing conservation perform-

87

a



Piagetian Research and Mathematical Education

ante. Stringent operational criteria are not the same as demanding con
ceptual criteria.- and the failure to distinguish them-is a serious_oversight.

While sonic studies involve what appear to be conceptual or theoretical
differences from the Piagetian model, others treat experimental issues.
The Mehler and Bever studies involve both and represent instances in
which Piaget's theory _concerning conservation Is vigorously refuted with
ostensive conservation experiments Welder and Bever 1967; Bever,
Meh ler, and Epstein 19681. In response to critical reaction, however. these
are later identified as -something other than conservation (Mehler and
Bever 1967; Beilin [1.)) 1968;_Bever, Mehler, and Epstein 1968; Piaget
ral 1968.

cognitive conflict

Another series of training-studies deals with an acquisition model that
also derives-fronr-Piagetian-theory. These training studies start with the
work of Smedslund (Lai 1959; [b] 1961), who posits that cognitiVe change
occurs front-the conflict between strategies-or-schemes that are constructed
out of the child's experience. The conflict is not between an existing
scheme and data from perceptual or sensory experience= but- between ideas
theniselves, that is,- between an existing scheme and one newly developed
from experience.

Smedslund uses two methods to create conflict: a deformation procedure,
whereby -a transformation occurs through a deformation-of-the object-or
its location, and an addition /subtraction (A/S) -procedure, whereby addi-
tions to and subtractions from an object or an array-of objects arc made.
Smedslund's studies show that-when theprocedures are effective in chang-
ing nonconservers into conservers (and=they are not always successful) it
is usually when there is already some evidence of conservation in the
child's performance. The -test he makes of the effectiveness of other pro-
cedures to induce conservation (particularly reinforced practice) shoes
them to be ineffective. Other investigators are divided_ on the efficacy of
Smeaund's conflict methods. Beilin ([a] 1965), who tested the deformar
tion procedure, found it to be ineffective; and Smith (1968), who used the
A/S procedure, found it to be equally unproductive. Mermelstein and
Meyer (19691 obtained no significant changes in performance with a
procedure OW purports to be an approximation to--a- deformation pro--
eedure, although they obtained no positive results with any other training
procedure.

A study by Winer (1968) conceives of the A/S procedure, following the
proposal by Wohlwill and Lowe (1962), as a set-training procedure that
leads to -the development of inferences. He finds tint A-/S training is
effective in improving conservation, but "conflict trials" in which addition/
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subtraction is tied to a deformation procedure were even more effective.
In spite of this finding, Winer considers: the effect of the conflict procedure
to be minimal. One may with equal justification, however, consider-the--
results as supporting the conflict interpretation. Smedslund t[d] 1963
:in training for conservation of length, obtained the greatest gains from
the use of a method that .equired subject anticipations- of object displace-
ments (a deformation procedure), whereas he found that inereasing_illu-

_ sion effects with the Muller -Lyer illusion led to the smallest gains.
Murray (1968), who also used the Muller-Lyer illusion to create cognitive
conflict, did obtain significant-increases in conservation compared with a
control. Conservation=acquisition did not transfer to an-arca-conservation
task, however, and as would be expected, older Ss showed greater gains in
conservation than younger Ss. Wohlwill and :Lowe (1962i, employing an
A/S procedure, obtained little increase iii conservation performance. In
interpreting the experiment's- dynamics they hold,-however, that the A'S
procedure leads to the child's development_ of an inference from-the con-
trost of the A/S condition with the condition without A/S. In the
sense two schemes are being contrasted by the procedure, and the result-
ing conflict leads to a new organization of- schemes. The inference-hypoth-
esis, on the other hand, implies a process of induction, the nature of which
is as little understood as that of schema construction, although it is more
often identified with beln .ioristie interpretations.

Gruen 0-al 1965), using the Wohlwill and Lowe A/S apparatus and pro-
cedure, found that Ss given conflict training outperformed Ss given direct_7- training on the apparatus in which there-was no A/S procedure. He found

_ very little transfer, however, from number training-to length and substance
conservation.

In spite of the few negative studies, =the conflict procedure appears
capable- of leading to improved conservation performance. Addition/
subtraction is superior to the_ deformation procedure, even though Smeds-
lund found the effects of deformation demonstrations: to be superior and
Wohlwill himself felt A/S training to be of relalively little help except for
implicitly demonstrating reversibility. Conflict training is more effective
with-older children amd does not transfer to types of conservation not
trained. Another finding which appears consistently in these studies is
that the conservation of discontinuous quantities (number) is achieved
prior to other types of conservation.

Reversibility

Piaget, as indicated, puts great stress on reversibility as the key to
conservation. In a recent discussion of the subject (Piaget [e] 19(18).
reversibility is associated with both inversion and compensation strategies
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in conservation thinking. The earlier version of the theory, which still
placed considerable stress on reversibility, prompted Walla eh and Sprott
(1964) to directly train -for reversibility as funeans of promoting conserva-
tion. First-grade c'oildren were given training designed to show, through
the reversibility of rearrangements of order, the invariance of number.
This was done by showing that a fixed number of dolls could be fitted back
into their beds- after they had been removed and either spread out or
bunched togethix. Iii a-Mter experiment: (Wallach, Wall, and Anderson
1967), however, children did not necessarily conserve even though fully
cognizant of reversibility (Wallach 1969). This led Wallach to question
whether training really induced reversibility 'or merely- led-the_ child Ito-'
recognize tiar=a misleading cue was in fact misleading, a fact thatls not
sufficient-for conservation.

A-study -by-Roll (1970) shows-that reversibility training-tioeS lead to
improved conservation performame_ compared _with that of-a-control, as
does a study by Brison (1966). The latter does notidentify_his-procedure__
as a reversibility procedure; although it-utilizes transformations of -liquids
from differently proportioned jars and then retransformations (reversal)
to the original jars. The liquids in-the original jars are unequal. -so the
conservation -is ostensibly one of inequalities. Brison reports transfer to
conservation of substance. A-study by Carey_ and Steffe-= (1968) tliat has
reversibility training as the key to its instructional procedures reports
increases inlioth_conservation of equalities and inequalities as a function
of the training.

It appears from this limited number of studies that the reversibility
procedure itself is capable of inducing conservation. The subject verbal-
ization data of the Wallach study, however, make it unclear as to what is
occurring, in the training task. The reversibility training "method" may
not be leading to the construction of a reversibility mechanism even
though-it- leads to improved conservation performance.

Learning studies

The prior sections have in common the fact that the mechanisms pro-
posed to be basic to the acquisition of conservation arc at least in some
sense' within Piagetian theory. The training studies to be cited here go
outside the Piagetian explanatory system for at least part of their logic
of justification. In these studies an attempt is made to foster the acquisi-
tion of conservation by (1) training the child to disregard or-ignore mis-
leading perceptual cues, (2) training the child_to attend to the relevant
attribute (with or without learning to ignore "irrelev:iiit" cues), and (3)
training the subject, to differentiate the "real" from the "apparent."

The method of choice in these studies usually involves the use of a eon-
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-7,-cept-formation procedure based on a discrimination model in which dis-
crimination and concept acquisition is achieed by-the reinforcement of
correct responses. These procedures are usually _associated with behat-
ioristically oriented =research, although the researcher who uses these
methods may be neutral or even negative in his regard for behavioristic

-theory. It-may be held. though, that the very useof a reinforcement pro-
cedure commits the researcher implicitly to a- behavioristic interpretation
of learningand development.

The discrimination-based concept-formation procedure is identified
quite differently in different studies. With slight modification, for
exTunple, -it:becomes training for -"karning--sets."-

An'expla nation- of= conservation:-acquisition in terms: of- `set " -- receives
early_ eXpres,sion in sZimilegi_t1963). -Conservatiort-AS interpreted as -a
tendency_ to respond %'_ith---consisteney-Ao-=a conceptual= property
number) rather 'than according to other te.g, spatial)- criteria-. Zimiles.
_howeVer, undertakes no-research to substantiate this_lhesis. Attempts-to
_train dren =by- draWing attention -to the- relevant_,dimension in=s= con-_
servat ion task -with a rein forcement-procedu ntve-ibeen reported- botli as

:unsuccessfuL(Beilin- 1965_;:Sinedslund-=[1k.- V VII 4961:; -Ha tano
andrSuga -1969; -Smitlr1968) -andAassuccessfuVaiingsley _and -Hall 1967;

-Gelman` 1969;-_-Eull and-Silverman 1970).- Xingsl-ey and -Hall-t1967-t, -in-a
Studyconceptual lyigrounded_ in -Gagne's -tbehavioristiel -theoryi of- concept
acquisition, -used: a learning- set procedure for -training -weight _and length
conservation -with Smedslund's extinction procedure as a test of the
achievement of conservation. There was_ a significant improvement in-
performance, including transfer to a conservation of-substance task. How-
ever, only a of 17- trained -Ss who achieved conservation resisted extinction,
and no natural conserver resisted extinction. Hall and Kingsley 09681
emphasize-in another study that experiihental -Conditions have an impor-
tant bearing on the outcome of conservation experiments. They particu-
larly identify the role of visual cues, verbal instructions, and labels in
affecting conservation performance. They -also show that it-is possible to
obtain extinction of Conservation among college students, which_ contra-
dicts some-of Sinedslinufs assumptions about-the "counter-suggestion" or
extinction procedure. These findings and similar results of others place in
doubt the extinction procedure as a strong test of operativity. Gelman
(1969) holds-that, the failtire of children to conserve is due to inattention
to relevant_ qualitative attributes or- to attention to the irrelevant features
of a display. The theoretical basis for conservation and other conceptual
learning situations- is interaireted -to= be associated- with the function Of
attention. Gelman provided learning set training with feedback in both
length and number conservation. The training consisted of 32 six-trial
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oddity problems employing three st- imulus ajects. Half of the series
varied in number _and half in length; There was within- and between-
_problem variation in -color, size,_ shape, starting_ arrangement, and corn-
!Amnions of quantity. The results indicate that learning- was effectively
achieved. There was --almost perfect specific-transfer tie.. to the =same_
-type of task for which the S- was trained), and about -55 to- 58-percent =

nonspecific- transfer to- liquid- and mass conservation. Finding a -large-
amount of nonspecific transfers=is most striking. TAn-other unusual aslvet
of-the study is-the report, of- "eorreet"yerbal- justification of_conservatien-
following an ostensively- nonverbal- training-proeedure.-A study that
pursues_ithe_ToSsibilitr thatGelinan!sAc:trnemwerepseudoconserversl-Ettlr
and-SilVerinan-_=1.9_70ntodifiecrtholiosttesrfproced-nreso-Autt*Onld=--

=-

differonti-ite ent=from_tlto
km-judgment

where:there _isno=objecVtransferinalionf; The.,autliors-confirinftlie,gew.
_Oar effectsroUtaining--!but=nbtain-AnuckilessAcarning--=than--Gelinan,feund:

--tv_talSo-_--repart= nian-vcOrrect-terbalitatiOnS=zin=Ssiiwiter-tire.-ithableAo-
_give a= correct notiverbaLcotiserv-ittioh- iresponSe-=in==theE e-xperibient.--

_A-pervasive=difficulty-=Ifilthis=-iarearesearehls_=-thatilifferetitinVestiga=-- -_-=
tors -conceive =the= saine-=training= :teehniques=jos-be difkr e-nt

supporting
Thisrisie-xemplified;in-theYeSie-:trch--ollIftlferdran-dTtillerto-a

Who----uSe --the :stinft_.---"reVerSilii Tprotediire--as--Walliteli=_ but
dei_v_ribe in- terms of "diseriminatiee-and-asets,"_-They =report_
positie,- but- not unequivocal,- results of -training; _In- the posttest, -an:
inequality "set" -is respande&Tto-corkeetly-_by-more--conservatIonAdling
control- subjects_ -than_ conservation4ailing_experimental_ subjects--=x,tact _

that is explained by_the---dulliblis observation_tlaWcOnSer_vation,oLinequal--
ity is- easierthan eons_ervatiOn _of :equality-when--the-order-of-Aifficulty--is_
usually the reverse tHeilin 161-1969). The Minors: attribute isuccess--of
training not to-reversibility =but to "sets" =induced by the discriinination
procedure. --_

Reinforcement effects-have been tested in_ a number= of investigationS.,A
i-ccent, study of weight consemition-fOrerbeek -an&Sehwartz 19701 coin--
pares the effects of reinforcement With vaSsive and-active subjeetspartici
pation. in the process _it cm-irises-a phenomenon common-to many con-_
servation training studies. It:is rarely clear from _the report= U-these
experinients-as to how much --verbal- interaction -has taken =platy between
experimenter and subject, except in those studies that make a point of
measuring the effect Of verbal variables. In- the Overbeck and Schwartz
study, -reinforcement is identified as verbal feedback -for correct and
incorrectresponses, and-also by the proviSion ola verbal rule appropriate
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to theproblenl, Verbal-rale instruetion.ItoweVer. is mote-than- a reinforce-
ment =procedure. It becomes extremely -dilliscultithen; to clearly identify-
the experimenter's manipulations and determine What-may be- causally
related le-experiment outcomesJ --Reinforcement is- reported-as lac i I i tating
p-Aormance, -with no differential effects for active or passive_ paraciiiit-
tion. 'The-authors make the general observation -that the proceduiWitilit
apparently succeed in -training- eonservationizot -weight-liaVe one typo -of
greinforcement"iiii-coninion : :verbal:

sing methcid= hi= which a- Ijl indfoided-rsubjectf drops equal_ nunibers_of
beads into-two- jars. (1964)---show significant_

-tilizperfdtinifife&e-OniPifiedrWi `iein Oritia-riV
o-,

-StinittliP,is,interprete eau tor q-cupportiveo
_c foitSecformn iveiexperience,._oF

m inaniptilating-itheneat xonsiiieret Nish_
preitifaceinent-5withAeoifflict=ittid=

__,negittionNproccdureseoncliii164-gth. c_-= e4lni-ngoccur= and--
feetsA fo=eari widerice,otonservatiOn._

It= z trop-o-sesithittntiniberconservation!retittireS4 tscriiiiirettiv&reSpOn-SeJo
trinfSfotnfittiOn-Witltli-elelftS.SificatiOlf_Faiftllitig-JihtptiropriatelreSpofiSes---

---= -=
fereepttialklen-es.--Retersf19 i__Hinterprets--the_

_ .Ifiecht-thisinsirunderlyin .nisitioiHroinznonoonservationjo_it onserva=r,

-_

=Significantiiinprovernetitinfetni-SerViftinn tierforinance-.-- _ --z:
_ _- _ _

1;----Aliother=series,of,studies3basesttrainingoialiepredicationlhat
ifiehtStrategiesare-EfunCtionally=related4o-ztliellevelopmentof -conscrvw-
tion_ abilities:- 3t'=_ohlwillilK1197031 hits7maileztlii8-7poilWtegctlier:WitIrtIte_
asSertioirthattlieStiecess-OUtheastireinent prodedures!isAbetellieir
-ing_7!-th-estibjecttollte_ditnensibnalifeaturesl&cori-sett-atiOn-.-ThiaeatlS-the
child'-to_ire-spond:in-=4,"Mor-e=concelittial"--zier="M-Ore--differentiatednifasliion--.

1-13earison-(1969)- repertS=astudy=withifilhis-fritincworkin-,which measure=
'tient -:procedurcs based=- on --==a--eounting,--strategy- beakerst -led_ to

-improved -;perfonn-an-ein-=a--_=conservatioit -lof=teoritinuous- quantity- tftsl
which =transfefreds to drekrinaSs. giaantity, number,- -and -length -tasks. A

-groupot SoVietstudiesitrefilSo'bitsedz=on-ithe useohneastirethent strategies.
The tIteoretical --franieWerk!of--lhese-studiesielliplbys concepts veryiinilar
to- -those -employed by _Gagne in which _task_:analysesierarchieal
nature Are developed. TheYrialso employ_ noti9nszsimilar to-those involving=
learning- sets._ but the beyond= -these notions. The
Soviet position, which =like Piaget's-proceeds---from the assumption tliav
action is-the central-problem of-psychology. differs in-important ways from
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Piaget's tGalperhi-,1966L One -of these is in the emphasis put on the
orientingotechanism- and itz construction._ The _orienting mechanism has
_two coMpaiients: -the .basic-yoneeptual=scheme of the real-worktplienom-
-enon, and the algorithm- olactions involved-An_ identifying or reproducing__
this scheme._ Experimenter-constructed= models or instructional strategies

- are-given-10 the child -himself- befere=he -begins-to:learn to-serve as a_guide
to his-=actions. They also- act=-as a-z guide to the:trainer. In the case of

_conservation, the models are based on= the--use--of- measurement markers
_ and the training is divided intoithreeparts:_ (1) the-use,etinarkers_lor_the
--= comparison-of-two_ pluralities,121 thecomparison_Of-size reitsVo continuous

nrd:,=ob -itasifiretfientgite
sitl the =applie tiet of=hhfferent-measures. The= gait of this proceilur. ls

tectplano c ms
-ferre&teitht=conce 'olioltrattottgp-__

lErdetaile(F-dataare:_,nots--
-itepoited1=----

N7r-numllemoFtrainingstudiesibase-C=_,trotteifortn-ni-==anotli-er=7_Ofthelta

_ --------

_ _ __-

-tieularlY--wilen--_conditetetVby-4researchersr-,SYitip-atildiCtigtliese-Atlidotie-

nom= g (fit
_a I t h ough--ith

.
i_approa-e --_eems_46-ihaVe-tbeenus nos _-

_intend-ftoAvjectLit. rlie-Stfidiestbat-,are_Anore-succesSftilszait-A
emphasize,the:a-c-quisition==i51:-leatnitig=sets;'!wlietetlie-Jeatneff-a-e-cfpite:3_

_

-_ the" ability=4o -attend =-t6_-1-!!releVantlimensions,--and-2ighoteirrelevaie_
_dimension4; -_This _appro-ach,rlioWever,_=is,:telatitely_-netitrarrnitili-ftitd

--,toftheumeclianians-oVonservation;--=Nnecitiilibration,-Alleorist=woul(Valsoi-=':---
inaintaiwthattlie conserving nchild-attendsloillter-relevantldimenSiOns-for ----
attributes)---rtintl=ignoresz-the-,iirelevillit
etiesl. inJact_onowayj of idetiningrAlecetitration:!''_-=_"-Attetition'J is
not -a sufficient-ekfdithatidntOffrivhati_oebiirSi=in---_conserVatifM--_]ceeh=thOugh-
it is a _necessary-Ingredient -to-an -adegnate,eNplanation.."Ther-theofetiCaI
di ferences n=Approa ch-tothe attentiona I oot ion- are ithoserassoci atediwitl
whtit one Considers_ attention_ton-be-rin-the:-servite=of.HBehaviotiss-like-
Zeaman rand, Ilouse (1963,Hiold_--thatpattentiOnA)Crinits -aSSociativeleanf-
ing procbsses--to-come-intoplayiin Conceptctegnisition.--Other-b_ehaviorists
may be inclined= to view-'attention- as leading= to the use of -"inference =
processes.' An eqUilibration_theorist,,onEtherotlierfliand-,;holds-tliat atten-7
tion is in the service of cognitive-operations. Attention in= sense--is
par_t_Of a performance model- of=aequisitionz_and-not'a--conMetenee-mOdel-,
to use an- analogy from- generative=transfonnatio-nal linguistics.- Although
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the learning stueies attentpt -in the main to illuminate-the meehanisms _

of consetvAtien.they do not--succeed in doing so-because_ even wheresticcess
is-demonStrated. as in-the learning set experiments,-they do tiocoinstitnte:_-_
crucial- :experiment that --confirm one theoretical exPlanatioa against =

all others: In addition:- altefnatiVe explanations _are usnally_ possible anti-__
_ equally plausible_ for the same-results:- In the-same Manner
iorists- use -Pia-getian= procedures- but :aplain-them in their -own ternis

-is it_possible -to take a- behavioristic ekpgrimentalprocedure,an&mlain
results-inciignitive and icquilibrOtion-Aenns._ Inadditionilhefactthat

_
-achievement =results from aziparticula training--procedure Istteit as-the _

qearning-set'--reinforcementparadignii-does-not ensure tliat (lick iiicchitt-
nisiiwof acquisition are iomorpliie with t"oe-of the I)roccdurQor that the

urclidetaifiestthenece_ssarynn&suffiCientonditioaSiftia-eqUifiltitiM_

_hods =

&numliereiFinvo,:tifOtorsclhini.
ifilation_deqUisition.-leenSeqtient Anvestiga ions aft

ugittwdetermilie_therole-of-erl_ te=proeesOif=a-eq_uisi±_
iotiV-_Onen=a-ppreacIr asses esIth-:role==o_

e=narrow, -:zittf&-isooni in- concerti
i-ppro-a Ch-=_-_dgsesses- the !ale-dive tiesis16P:Wverbits-74-gaifst

determines CO4i--=-0W=V-e-rba

Ufes;-_=An-n-pproach-=oFthiSATpe-,was,-u resentir,-AVTIter-=-_-

[a1 :-=4965)-;--Ahe -rules-Aliatgoern=cotiservation,--:pierfornaince-Were---
ifeptesent=e&-,-inerbal, -form:and coordinate&Altit:-thentanipulation=of
-ffppeopriotentaterittli. The rtiles could repreSent

-=by

hotter - of the - l?rocedui a zas4-...nietin4OnPariSOn-;ith=n-ldefortnatiOn-_----=--
,equilibrationi.iprocedure;_-=an- otteritional=Orientatiolf- _ii eft or =a cc ncetit

_ -attaihinenVpfekedure-hasedon=4-iliScrimination-Atiodelf-=(Ec-.k4=rionverliat
_

precedure), against -ithe---perforMance a=

-V erbal suleinstru ction' was -t h e_most -effective -in i- n ducin g :con se rx ati on
firer =that of= the -666 methods. -:There=Was=little- transfer,_1Mwever,-

task=for whieh-fth-esubjects,werenottrained--(afquast=c-onstryation-lask)4
--t-although- there -teas appreciable"transfetT4imotig-natutalceaser_VerS.---_

T=he Verbal-=ride --instructional= prodedure,-Wati=teSted===,by'Smith
-0968)--in-a=,conserVation -o-f-v_eightfttUdy---(Beilin--ArainethcefiSet*-atioa-of-
lerigth-ind-numberl,- andAhe-effiCacy,oEtheEprocedureiwasagain=shown,_
This--timeit-was-pitted=against a-reinforced-practiee-method antLa=Smeds=
lithdrlype of AYS'proCedure.-OntrAhe-TRI-groupeSheWe& tign ifitantly
better the control__ __

:metnate
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The Ovcrbeck and :Schwartz:study t 19701 already cited _also used verbal=
rule- instruction: iut the technique was so_confounded-with otlter-procedures
-that it is difficult to _asSess==its effect. -although it did- lead to improved
conservation performance, -The=study_by Peters:. C1970ntlso confirms the --

---effeetivem*s of the VII- =procedure. -ttlthough it %vas shown- that a
"perceptually-guided cue procedure Was_ also offer -rive.

_ =The latter procedure. ptrenthetically:_isLa "concePtuar g-in-promptincthod
in'that-configuVation- of-dots- rePresenting--ditTerent numbers -Much as-on

:The-Verbal-41de_ instrlictitinal-mellrod,--
then. get= strong- support_ -front_- zitt=least three= experimental studies.-

-mostAntportan =Inegttiv_c=evidefic-e,==for--_;_%T.
sen

lt-oWtt-

neJnay----coitattile;gftoitriflte__--available==e_videlice=tluttv_erb:&cule__

alias= a=rils = =instrttc tiou = ro«thice -tiff a =eyed == =th it =- t:ra11e1 = =the l3eilni

rAnr_4tructionite_ads4ot- itoi.tiA-._etkeeatsr-Vatiotilretittrinance,7-_-_Tititteclianisin
_

_-ti-c-e-Otints--tf off it..-ffea iv61-tre- alkolithini-e_iftotetion,tif;latignago
utt:i_entible_islanguageAti

iins_tances=iiniivhicluawad--cAtiateo Jerati er.tf_ttetti-re-isliovavailable=To=the
feemng-proceiltire tatetionin=1=aWatutlogott,S;_fashion=_Weilin=K

19651.

litatiple=trainifig-

=Somejsfitilies-i'efk&-thesNielti,-Altittranv_=-(FemotiAratiotr-o Conseti.atiOn_
aegitiSitionJltrough_lrainin-gfwould=devastate=the-coneepttiaLapparatus 4f-. = -

litgetian:Etlicory, -and:='sosonic-4itiv-atigatOrsrzliave-_mixedlitogother=everv,
_p_osSible-=techhique in- idiveffdrit- -tO=fdAtfAltellicetithiitiott:oVlogi61:thibking. -

_ _ .-_ _There are==t-Wo-difficulties.itiEJltis.---_-==-7-irst-.:Jlie Idento-nstration =_oL concept
learniugLiloes- not -necessarily--embarr:Z=s-Pia-getian_-Alicory.---_it -would, if
-- conservation -could-be-Aaught to--four-year=olds =wile__ show- shredf- of

_==

tividence-o-falie-capacity-m=_Colisetiv_e.20therwise, tendling=-eonservation7to
6-etirt.old:_3_- i. no 4ingtilar_r,Acliievenient-1 :bei;ause it -can :usually -be

-armied-titatthesecliildrenihaVe-nattitallyz:tecittired_soinecoffstittientktion.1=
=iedge_=-Of=thephenotiienonl---8ecoi-4-111eAliere-tleneffistration-Of=conservation

throughAraininginitselt-,fdoelittFe:o extetid-knowledge of =the
ineeliaitisus-of-thought7or The--way--=they -develop and- funetion. _

_ -The- _ti of study _that-is- -retfuired is one that makes -it
possible rio associate exsPerinienter-lnanipulations _with specific le-arning
achie=vements.- Seme_studi0; such -as=Roluistanun's (raj 1963J111-1967),
contain so=inaity experimentet -manipulations as_ o make thein_ of-limited
value -as --scientific instfuniefitt4, -although-they linty be-noteworthy as
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educational, polemics. -Some investigators exercise more -care in their
__---procedures but also emerge with results That= cannot be related_ to a -siirgle-

exp&rimental affinlpulation. A: multiple method -study by Rothenberg and
Ophst (1969), for exiiinple. isbat3I on-itheteacliing -of the ''coniponent.`

_skills_of_eonseryation that have- heed -sound effective in prior- studies, The
--techniques_ used by Wohlwilf and Loe-,-Ornen. and-WrilliWnteremploved

in the-course of 1.raiiiing eight-erimponeilt concepts. Signiffeintinipro_Ye-
melt in= conservation performance is repottedbut-no7indication is -given

__of= -which -components=Tai-e. necessary-710r -conserVations-Jz-4;_ rerergibility.
certain verbal t-zrinslinore-soinel. ete.). -The authors`- comment- that= an,

-----other-sebatcoir,p_onent,skillstnightserA7eacquallyweltitirther=Aitiates the- _
wren( eau._

-de signed:107.see ifItlie-acquismotr_01710e: s:_icalropetationeati:liffeeelet- -
-.--*

at-
-._-tkung-unituproveuientfin-aolitstamitrs-litetliods.Iii traintlig-seouser-=._-

701-a reaS7 tl V used :_tliteet=dem initt iOn ex treises cii_ 11 1e,coligen atWn- i 7 _
-, -=of` -ttrtinSlocatioFoLpsxts'Gxepetitionaid=-feeilia

_

.- _____ _ _: _

_ , -rstikects7,tqz_r in--time=-Ser.vatiougoEa
---- =.- ,jarfaeeei_f_po-iii of-71-11-e1=Cohttbls7.777A-:_Ts-_ititlientliersfttili

felted- bete._ a---,Lof7,Willielt-l-etnOnstrate-aeciiiisition.77it-1S_-_-iio-Possi
. 7' =_- _-- ------_7 --- _.7 ------ --

,--,identify=any- procedure-_as-more-related-dostiecessful=perforiminee
--- ._----

--_iany otlref, -1.ionre-sttidie-sigo to:greatletigtlis;toltrainfOr--7etniserx at ion.-
. _- ----- - _

stud'. -winch -pt_o_vide&tweb-e=differztit=iles-SonsitoAraingfOr7etusettlatiOn7
---of= iminber.--_-itiviili:CJJhe_-_e_oricept-s7'4f4a-oneone-_-eorresitiontletice:

perceptiial;reurrangement 43_)--asnanya.s;_=t417itiorezthanc_5)7_10,Wer 1_ Ian-. -_-

--(6)=7tidt I i t- ioit 7a id-7( 7) r su btra ct ion.= The7tfaiiink *as uccesSt lRIII a rper -=
-nd-78teffe-1968) =.1mt--thcautliors-. althouglirAlity_areriinathematici7teilit±.7

--c:ifirrs-,-niak.istio-iiirte-.-.0t-the=tittie natt-ktiStik7iritol-Ved_ititraining=_=fer-7One-
'kind= of-- cotilTrvatioit.-which,could-frbeac,quifed---b-r-an olderchild-=zin , -a--_,fe_W- --

- _ _-_ _--_-7 -_-- TA- -1--inintms,
A_ study That__Iitised- itself tin_ the thesitzthot=multiple_ clm=sificationi

niultiple7rrlotionship, -and- reversibility itivol1-71g7inultiple irelations,:at-e= --
necesKtry =or Conway Roeper--_,- iant111co-per_1966) :undertook i

__------
with _a smiill number of subjects to-test whether --training-that emphasizes --
diticussiotkbetweeal_subject _and_ Otperiniente:could_ he suceeSsiul. The =_

results iuticate that time experimental, stibjects- profited lto= -soine-extent
Itfrom the raining: -The -control group= (Lzoine=of-*lioni-4e-rerlosit-by_ attri-

tion si$ved no-gains-. _Tlds-studY is_another-eXamplein--whieli-it-is1rot 1

poSsibleAoidentily-the'clement:_3 tlitiOiceount- for the outcome. -Onet-ean= i_
,

not assume, as these =studies iiiip;y, that alllIte_eJetirents -in -the -mixture
,

-- contribute to changes-in subject perfornlan-ce. It is-quite likely that some-
elemenU_ inhibit acquisition or oeutrali:/..e the=effects of other :proeedures_
These multiple method, studies, nevertheless, -all repot' --suecess in The
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one may wish an educated citizenry who merely receive and transmit the
knowledge of the eulture,_or one may wieli the members of a society to be
creators of knowledge who respond-constructively to their experience. If
the latter is the case; then another alternative in education is required.
Piaget obviously opts for and recommends the latter- course of action,
with the implication that an- educational approach that enthodies- the
elements and principles of the clinical- method _would serve this objective,
although Piaget and the Genevans liave been loath to specify what an
educational curriculum should -be either programmatically or in detail
-(Constance Kamii is a -notable exception). There are three _difficulties
-with Etlie:Piagetiair thesis-,even-,iLonefeoncursin--his social objective. First;

_ it-Isnevet -clear iii---the-c_onstructiiisVapproach_ to _iknoWledge acquisition
aS'Io,theznature extent,oUrequireckprior -knowledge- that-elm only:be
acqUired=by_n_"rete" iorididattierMetlieds.:=116w= much -memorization of the
;.umber system--- (i.e., learning_ the _sequence, the symbolS,i etc.) is =re--

=qUired,ifor example,_ _order= Alit& a-ehi ldThe- able to _think_ constructively
in_regard-regard s-relationor-classitieations?--In-_Piagetiari experiments
these aspects are_ Usually -taken -10t:_granted: They are not irrelevant,_
_hoWev-er, to a==conSideration -ot-nwhat is4equired in an educational cur=
Alculum. -Second, _and -mere -important, is a --required recognition of the
-state-of present -day= edimatiori, -Educatien--eVerywhere in the world; -ex-

_

-cept _for- a very privileged- minority, is group -education._ It is--becoming
increasingly organized in:termS-Ofi-a--masSiztechnology, With more children
-per teacher, more materials and-:more instrumentation, per elass. _The
-timespent-by-a teacher with an-individual-child-is constantly diminishing.
Individualizing instruction is increasingly a myth, and instrumented
individualization is also a myth, as has =been pointed out by Piagetians
themselves. The Piagetian method; on the_ other hand, places itsprimary
emphasis on one -to -one teacher=student interactiorI with individualized
teacher -response. This is economically -and tactically impossible in to-
day's increasingly crowded schools.-- What is needed, on the other hand,
is vigorous pursuit of how "constructive' educational approaches can be
realized with groups of- children,- which would require instructional
strategies different from the one-to=one "clinical method." Thirdly,
Piaget's skepticism- of verbal instructional -approaches seems limiting for
both theoretical and practical reasons.- The relationship =between language
and cognition is-not very well understood. Piaget's view that language
develops as a system for the representation of _thought, although it, has
CVACIICC to support it (e.g., Infielder and Sinclair 1969; Beilin H-1969),
is far from explaining the full nature of the relationship! It is_ evident
that language data are utilized in the construction-of thought, even if for
the young child they -do not have the same salience as sensory and per-
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ceptual experience. It is -important that this be recogniz6d, since many
of the significant cognitive experiences of the child are mediated through
language, _particularly whe-re interactions between parent and =child -are
concerned. As Piaget himself makes clear, while action is -the basis for
cognitive attainments, the critical actions are not physical but implicit

_mental -actions, that is, mental surrogates for actions such as are repre-
-serted-in mental transformations." These- "actions" canoceurin linguistic
as as_nonlinguistic contexts. The evidence that reversibility trans-
formations -occur in the syntax of natural languages (e.g., in the
active-passive transformation) ,zupports this vie v. The question -of- how
linguistic formation-that---schenfatizes-the-_opera tions,ot thought-can:be
constrlicted-ifito--Inow_l&lge--ts tnot_addressedE=by the Tiaietitiits. Instead,

erbal:- d a tai=a re-interpreted-asiconeei itrating a ttention-- on-V a ri otts= featu-res
of visual displays or on--thetran-sformation of _such--di.splayS. Even--when
-verbal- concepts are studied-,--as -in vliole-part-classific-ation: experiments,
the Genes-.en- emphasis is= still= on,nonlinguistic-phenoincha_although- the-
-phenomena are -linguistic =insignificant-respects. Although-Piaget
Net in -eniplia.sizingi-tha't a-nd early __school_ ethic:al-an ---often

concentrate too much _on- language-learning; more information- is needed
of -the =extent to which _language eproVides_-the necessary architecture- for
the acquisition of knowledge: What would:mily-Piagetiah
lie like, in- fact, without- the -language context In Which they are usually
acquired.= _A more desirable_stance-to-take_-vis=a=vislanguage in-education,
then,--AS one- aimed- at discovering- how it can help -in the construction -of
knowledge. What the studies here reviewed suggest is that the linguistic
interchange between experimenter and child is=a significant feature-of all_
training meth- ls=including- the Piagetian and behavioristic methods,
even when their focus is contents. It _is unrealistic to
believe-that the linguistic communication-system is conmletely neutral
relative to the contents communicated. Piaget's point that language
teaching is not sufficient to the acquisition of logical-reasoning in children,
then, neglects the prospect that -language-data provide elements that are
capable of being constructed into knowledge- and that hinguage is itself
an a-ctivitylliat embodies operations.

The training studies discussed_ lwre can be meaningfully interpreted in
terms of the competence=perforinance_ distinction proposed by Choinsky
in respect- to -language acquisition. Many of the studies that are critical
of Piaget'S cognitive theory are in effect proposing explanations of con-
servation and the logical operations that are more in accord with a per-
formance model than a convetenee model (Flavell and Mohlwill 1969).
The phenomena of attention, learning sets, analytic-gets, and others
represent psychological prOperties that affect- the -expression of basic
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competence and do not touch on the competencies themselves. The com-
petencies are more appropriately represented by =the equilibration
mechanisms that Piaget is positing as fundamental to the development
of_cognition. Although such factors as-attention and various features of
learning are intimately related to the child's ability to perform and to
the realization of basic competencies, they_ do not directly relate to the
formation of the competencies. While these experience-bound parameters
have a great deal to do with the development of strategies by which
cognitive structures are made functional, at this point little is known as
to how this occurs.

Lovell--(1966), in addressing himself to-the implieations, of Piagetian
research for mathematics- education, pointed to both the assets and the
limitations of the Piagetian theory. By way of summary,-we might add
to Lovell's catalogue the following:

1. While Piagetian research has shown how complex a -process the
growth_ of mathematical-concepts can be,- it-has not demonstrated how it
can be made easier.--, Altliotigh -Piaget describes the processes by which
thinking develops as a series -of constructions, he does not suggest -an
educational technology by which such constructions can-be made to occur.
The direct translation of the clinical method, which is useful as- a tech-
nique in the discovery of the conStructive-processes, to a technology of-
educational instruction is= at= stage_-nnwarranted. While the tech--
nology for achieving change has to be related to the mechanisms of
change, it does not-require-that the constructive mechanisms themselves
serve as the teclmological- model.

2. The =idea that the child has to be active in :contrived situations
involving- conflict loaquire logical reasoning is not substantiated by the
available -research. Neither active problem-creating- conditions nor con-
flitt-ernting situations are necessary fin logical thinking to be acquired.
A wide variety of techniques and contextual conditions contribute to or,
at. the least, permit concept acquisition. Nevertheless, as the data show,
there is a limit placed on these acquisitions by the developmental level
of the child. No logical or mathematical learning is likely to occur, at
least without great difficulty and- tenuousness,_ if the concepts to be
learned are far beyond the operational level of the child's available
cognitions:

3. While fairly clear divisions can be made between gross levels of
mathematical abstraction, it is not clear that even gross hierarchic sys-
tems can be easily established on 'an a priori or even empirical basis.
Differences of- opinion inevitably occur as to -the nature of conceptual or
operational hierarchies. Evon_an a priori system that is empirically
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tested will encounter differences in interpretationnevertheless, this is
still the best method available for determining the order in which mathe-
matical concepts should be taught. Using empirical as well as logical
methods is-the only reliable way to establish vertical hierarchies, branch-
ing hierarchies, or other complex relationships among concepts and
conceptual systems. Mathematicians who choose to teach a sequence of
mathematical concepts and functiOnS on purely a priori bases may en-
counter great difficulty in having-these concepts learned. Logical relations
are not inevitably paralleled by psychological relations. Unfortunately,
little effort has been expended in testing the relations between the con-
ceptual systems of mathematics4nd the _cognitive system of the child
except- in the most limited of -circumstances.

I -While Piaget has noted that the cultural context can inhibit or
facilitate learning, lie does not define the -conditions that specifically
determine these effects. -In some instances, he suggests, the technological
demands of a culture-create pressureS for the attainment of highest levels
of operational thought. Little else is done, however, to suggest how cul-
tural experience creates cognitive change (Sigel 1968).

5. Transfer of training has been a challenge to both psychology and
education; The limits of transfer through training have been apparent- in
a Icing history of studies, and the Piagetian =studies are no exception.
-Piagetian theory has been interpreted by many -to imply that- transfer
should be -easy by the very notion of common schemes or operations
functioning within a developmental level. Functions or structures con-
taining common elementszare usually considered to transfer more easily
than thoSe lacking common elements. While the data arc equivocal it
seems that there is a great deal less transfer among Piagetian operations
than one would expect. The notion of horizontal decalage, while it gives
a label to the disparities in transfer, does not adequately explain why
transfer is difficult_ when common operations are involved. While some
training data show that closely- related operations transfer more easily

-than less closely related operations,- the issue is' far from settled.

6. Whil t isition of knowledge is not accounted for solely by the
development of b 'native thinking, it is .,. -thing to assert that Piaget
gives -little heed to other factors in deveovient, it is another to say he
deprecates them. Although Piaget does not ignore motivation, learning,
and` language, lie does subordinate -them to development. Although lie
does not -say that learning is to be accounted for by development (i.e.,
"learning is development," as the contrary "development is learning"),
he does hold that these phenomena undergo change only as a function
of-the controls exercised by development. It is another way of saying that-
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learning, language, and possibly motivation operate under the control of
a genetic guidance system. The evidence would seem to support this; but
once the fact is accepted, it, is still not known how these systems interact.
Piaget has contributed enormously to understanding these relationships,
but the story is not yet told.
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Representation and Memory-

In,the-short-sketeh -of the=m tin stages- of eognitiVe=developmenc-T-men-_
tionedronly ibriellYran,importtnit eomplex,of behaviors-that all- belong to
What Is---calletE-the-_Semi-Otie, or -symbolie --function = --At the-end of the-
sensorimOtoilieriod-we observe-the ernergence=ofsymbolic,play,'Itingtnige,
and.in-generaloietivities-that could-not take=place -ii itheut- Some-kind of

7 representation- of-±absent-olijects,-or event; that are not takinglilace Tat
the _.preeiSeiAnoment, -One of Piaget!s-AVell=known -examples _ concerns
Jacqueliite tiPiagt4: -1935 A1110,-:11 the -age -oEtwenty -months-, comes _into

-a-sroom-With_ainineli-of-grass breach baud: Jo opeirtlie -door {hich opens
inward),_she, putsndown the grass, turns the handle, pushes,- picks_ _ up the
grass again, and=enters-- A little later she wants to .ttO C411t-tilde; puts

_ _

-the -grais-down Itgain in the-same way as she -had when She entered the
room._ -thatiis to- say, at the threshold: However, she changes- her mind,
picks it=up, and--moves it farther hack into the room -that it is-mot hit

-by the door _when it-opens. Such behavior, of-which many examples have
been oliserVcd,-=dOes -not occur before The -beginning of the second_ year
and -cannot be interpreted without supposing- that some kind of _rem-
:_zentation ((Lg., of -the doors- movement -in the above exampler has taken
place.

-Post-sens.orimotor intelligence acquires a ne dimension, Which frees
the action from the strict hie et mine .and --= importantly. in view of what
is one of the main characteriSties of formal-operations (the insertion of
the actual into the_ full _range of the possible) it now becomes possible to
perform one action while envisaging the performance _of- others. Repro-

, sentation enlarges the field of action immensely. both in Space and_ in
time; actual actions- can -be accompanied by representations which almost
simultaneously encompass actions and events in the past or the present,
in the immediate vicinity_ Or a long-way away.
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These new representational capacities of the child in his second year
are expressed in ninny different types of behavior. On the one hand,
there is imitative behavior, not (as during the sensorimotor period) in
the presence of the model, but in its absence. In fact, this imitative be-
havior seems to be a common aspect of all representations: in symbolic
play (where the child can use objects to stand for other objects), in
intelligent acting (such as Jacqueline's pushing the grass out of the way
of the door's trajectory) which necessitates some kind of mental image,
and in the beginnings of language. If we say that imitation is the com-
mon factor, this-does not mean that representational behavior is a simple
copying of- reality. On the contraryand far more than is usually sup-
posedthe subject constructs his own representations according to his
particular needs and capacities. Since the means of knowing is essen-
tially through actions performed on reality, representation far more often
reflects the way a person deals with a probleM-in action than a simple
copy-image of the situation involved.

In his well-known studies on children's drawings, Luquet (1927)
showed the existence of a period of what he called "intellectual realism,"
when the six- or seven-year-old draws what he knows rather than what he
sees. In this period we observe drawings of faces seen in profile but with
two eyes, of a field with flowers and with potatoes visible in the soil, or
of trucks with four complete wheels as if they were transparent. In the
same way, whatever the children cannot yet apprehend cognitively is
deformed; for example, there is no coordination of different points of
view, and in one drawing one can observe a table top as seen from above,
with a toy ear on top of it as seen from the side, and so on. Moreover,
it is not only the drawings that are made spontaneously without a model
that exhibit these characteristics "but also those of figures that are in
front of the child as he draws. Before the age of four, all closed figures
(quares, rectangles, ellipses, circles, etc.) are copied as a curved, closed
line, while crosses, F's. curved lines. and so forth, are copied as "open"
figures. But with children as young as three yeazs of age, one can observe
copies of drawings that essentially represent-tepological relationships
(such as inside, next to, on the boundary of) which correctly 11.i-resent
these relations (see fig. 1).

In all education we rely heavily on representation. Actual demonstra-
tion with pupils manipulating is rather restricted in scope; and, even
when applicable, its pertinent aspects are-underlined verbally or through
algebraic, geometric, or other notation. If the child himself represents
reality in a distorted way, how does he apprehend information which the
adult presents to him in a representational manner? An extensive series
of experiments on -memory images (observed either through drawings,
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Fig; I

gestures, or verbal explanation) has revealed many distortionsin fact,

there often was as much distortion when the memory was tested innne-
di-ately after presentation as there was one hour later, one week later, and
even several months later (Piaget and Inhe Ider 1968). In every case, the
deformations were due to a different way of interpreting the situation and
not to simple memory factors; it is ahvays possible to check for this
eventuality by presenting similar situations that are cognitively "easier"
but perceptually equivalent7-For instance, in verbal memory "The _table
is laid by Mary and Peter" gives occasion for deformations, whereas
Peter lays the table, and Mary makes the salad" does not. Similarly,

to draw a little circle on the perimeter_of a bigger one does not seem to
be "easier" thm to draw a rectangle, however clumsily; in fact, to one
the reverse would seem to be true.

Before giving a few examples of how children distort situations that
they have been asked to memorize. it seems worthwhile to say a few
words on the general subject of memory, another crucial factor' in edu-
cation.

There exist two types of memory. The first one is recognition; that is
to say, of an object or situation already encountered. -Recognition mem-
ory is very primitive: it exists even in nonvertebrates and, of course. in
babies during the sensorimotor period. The second type of memory be-
long to a higher level of development and does not seem to exist before
the beginnings of represenration; in fact. it is a kind of representation
and consists in the evocation of situations already encountered but
absent at the inome»tof,recall. When we claim to have an excellent
memory of faces but a bad memory for names, we are really saying that
011 seeing somebody. recognition memory works well (we recognize the
face) but we cannot evoke the name, in fact, as soon as we are told the
name, we recognize it just as

Piaget and Inhelfier's book (1968) on memory concerns evocation
memory and deals with a special aspect of it; that is, its relationship
to different levels of cognitive development. Mental images are symbols
of reality and can be used either intelketually (to solve a problem), for
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illay and fantasy. or for art. Mental images also serve memory for tl:e
reconstitution of past events. In this sense, memory is a type of knowl-
edge, not attached to the present Ias is perception) and not bearing
directly on the solving of new problems las is intelligence), but on the
past. Developmentally, it has often been thought that fundamentally
memory mechanisms are the same in the adult as in the child. There are
obvious. differences, because the child is not interested in certain prob-
lems and lie does not understand certain situations; thereforehe does_
not store them. However. if he (foes understand them, the mechanisms
of retention are supposed to be the same as those of the adult. the only
differences being quantitative, pertaining to span. extinction curves, and
so on.

Piaget. on the other hand. maintains that there is a qualitative dif-
ference according Co developmental levels; encoding and decoding proc-
esses depend on the code used by the subject. and it is precisely this
code that -changes with cognitive development. In fact, the amount of
information transmitted by a certain nuniber of signals depends on the
number of elements and the rules of the code. To give a very simple
example: if Lam shown a bottle held obliquely with Wine running out
of it, I do not have to "remember"- that the bottle was not corked and
sealed. Knowing what happens -I open bottles when one turns them
upside down makes the information of the absence of the cork redundant.
If it is true_that intelligence changes the code according to which memory
encodes and decodes, the same situation presented to children at different
levels will carry a different information load and will be encoded in a
different way.

In nat»y experiments. on meniory, striking examples were found in the
schematizationoN the situations presented. One example concerned num-
ber. The child was shown the arrangement of counters of figure 2. A
collection of differently colored counters was used to demonstrate (after
having asked the child to antieipate the result) that the same six counters
can exactly cove: all three lines in the arrangement to he memorized.
Finally-, the subject's cognitive level -was determined by the numerical
conservation test. A few minutes after presentation and once again a

-0-000001
Fig. 2
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week later, thechild was asked to reproduce the situation by a drawing.
by gestures, and by reconstituting what he had seen with a collection of
counters.

Types of memory productions were closely linked to operational levels.
A first type. observed with the youngest children (four-year-olds). was

the following: no numerical equivalence between the three lines and no
attempt to make the lines more or less the same length. Both in the
drawings and reconstitutions, the number of counters in the three lines
was very different: 12. 8. and 9, or even 4. 13, and 15, and so on. But
there was usually at least in two lines) a division into groups.

A second type was more involved (four years six months to five years) :
three lines with more or less the same number of counters and coincidence
of their extremities (15, 13, and 13 or 7,6. and 6. etc.). In a way, these
reproductions are figuratively less "true" to the-model, since in this type
there is absolutely no indication of the subgroups. However, there is
progress in that there i nn indication of numerical equality.

A third type reveals-further pl'Otress_Once_again the lines have coin-
ciding extremities, and the numerical equality is more marked: at least
two of the lines have the same number. Moreover, this time the sub-
groups are marked. although in a peculiar way: in the lines with exact
numerical-equality, -the subgroups arc also equal, for example, twice 1
and 4 or twice 1 and 3. The synthesis between the spatial disposition in
subgroups (present. in an isolated manner in, type 1) and numerical
equality (indicated in type 2) is not yet_possible.

Finally,_ at five to six years, numerical equality is correct; all three
lines have the same number of counters. But only one child (out of
eight) reproduced 6 counters per line and exactly the arrangement of the
original. The other seven associated the numbers in their own personal
way (3 -1- 3, 2 4. and 1 + 5; or 3 3, 1 ± 4 + 1, and 1 5; etc.).

All children who produced type .4 drawings or reconstitutions succeeded
in the numerical conservation task (also one child of only four years and
nine months) .

It is interesting to see what happens to this memory sonic six to ten
months later. Without any new presentatilin of the situation, almost all
the children had some recollection of what they had been shown. This,
in itself, is rather remarkable and indeed encouraging for educators. At
the end of this long period, the two aspects, numerical equality and spatial
disposition. seem to have become more separated. Again, most of the
chii(lren tried to represent the numerical equality but seemed to have
completely forgotten the spatial disposition. Howc...er. two new types of
drawings and reconstitutions appeared that are of particular interest
(see fig. 3). The first type is a seriatim?: we find lines of 6, 5. 4, 3.2, and 1
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(a)

Fig. 3

counters, placed one above the other as in figure 3a. More often, _there
are-only three lines as_ in the -model, but again striation; for instance, in
figure 3b the top line has 7 counters, the next 6, and the last.5. The second
type (fig. 3c) is a symmetrical arrangement : 4, 1, 4; 3.1, 3; 2, 1,-2.

As-might be expected, memory of the situation becomes increasingly
schematized as time goes by However, the remarkable appearance of
striations and symmetries (which are a type of figurative classification)
is more interesting than -a schematization. According to Piaget's analysis
of the concept of number, this concept is attained by a synthesis of the
two types of grouplike structures, that of striation and t_ hat of elassifi-
cation.

In another experiment, a problem of transitivity was involved., If there
is more liquid in glass B than in glass A and more liquid in C than in B,
is there more liquid in C than in A? However, it is not the logical prob-
lem (which is difficult -to solve and- to _remember even after the age of
seven) that I want to present here, but a-curious phenomenon that reveals
how even a simple action such as the pouring of liquid from one glass to
another can be deformed in memory. The experiment- involved four
glassesone with red liquid, one with yellow, and two empty. The ex-
perimenter pours the yellow liquid into an empty glass and the red liquid
into another empty glass. Then the yellow liquid is poured into the glass
that originally contained the red and vice versa, so that tit t:.e, end, the
contents of two differently shaped glasses are interchanged.-(See fig. 4.)

When the children were asked to tell us what they had seen, the four-
and five-year-olds maintained that-we had poured the yellow liquid into
the glass with the red liquid and vice versa. We wondered whether this
was a kind of abbreViated description of what had really happened, and
we showed them the four glasses with the liquids in their original posi-
tions. To our surprise, the children actually took up the two glasses that
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Yellow
_Red

Fig. 4

were filled with liquid and tried to_pour, simultaneously, the yellow liquid

into the glass with the red liquid and the red into the glass with the

yellow. Questioned as to whether they really thought that this -could be

-done, they maintained their- answer: "Yes, if you're clever enough."

"Won't the yellow and red get all mixed up?" was our next question.

Many hesitated or simply said -"no." One child said, "Yes, maybe, lint

it will Immix itself in the end."

Another memory study concerned a double-entry table and involved

wooden buttons (round' and square. blue and red) glued-onto a piece of

hea-Vy paper as shown in figure 5. (The experiment was designed by

J. Bliss.)

Fig. 5

es.

The children's-recollections were of the following types. A first type,

found only at four to five years, was a simple agglomeration of buttons,

sometimes only red (or only blue) ones. Neither the figurative disposition

nor the classificatory principle was represented (see fig. 6).
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Fig. 6

A second type, more involved,_ showed the beginnings Of a classifica-
tory prineipleAn the senSe-that two classes were present (red and blue
squares for inStance), but-instead of an arrangement into four groups,
there was a line (a circle or haphazard arrangement) made up of either
just two buttons (a red square.and a blue square or a red round and a
blue round) or a great number of such couples (see fig. 7).

Fig. 7

A_ third type had -the correct- spatial arrmgement in_ four groups, but
again only two classes were represented (very exceptionally three) as_in
figure 8. Sometimes there were groups of buttons and sometimes only one.

or or
=

Fig. 13

A fourth type revealed considerable progress, since the multiplicative
structure was present: all four classes were represented (fig. 9). How-

Edx:
Or

Li CC LILI

Fig. 9
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accurate schemata of representation. Of course. they have encountered
more situations and accumulated more of these schemata, but more im-
portantly, they approach the situation with different schemes, that is to
say, with a different cognitive organizatory capacity. The adive-fune-
timing of this organizatory ability makes mnemonic encoding and decod-
ing possible and determines its form. In this sense, the mnemonic code
itself is structured and restructured along with general cognitive -devel-
opinent.

In general, our results strengthen the educational tendency away from
rote learning. It could well be that with excessive emphasis placed on
rote learning, pupilswould_ cease to use-theirerganizatory capacity (which
alone permits economical -encoding and decoding) and come to rely only
on a figurative, copy type of memory, which does not attain the efficiency
of cognitively organized remembering. n the- other hand, we do not
want to= equate all memory with_ our partichlar situations, which -appeal
specifically to this organizing mnemonic capacity. In many subjects
taught in school, a certain amount of rote learning is, in the present syS-
tem, inevitable. But a regards mathematics and allied_ disciplines, it
appears that it is the concept formation itself that should be _fostered by
all possible means and that all representation is liable to be deformed
by those pupils who are as yet incapable of a cognitive grasp of the prob-
lem involved. On the other hand, the deformations they introduce in
what seemed to be a perfectly clear Model can be previous indicators of
their cognitive level.

Some deformations found in verbal memory are similar, although they
are often less clearly linked to cognitive level.- One ,of the difficulties in
the presentation of verbal material is that a certain construction can be
perfectly well understood in some instances and not at all in others. What
Tobin has called reversible sentences are a good example of this. "John
kicks Jack" is reversible in the sense that "Jack kicks John" is also a
semantically possible expression; on the other hand. the permutation of
subject and object in "John kicks the table" results in the impossible
for at least, Very improbable) expression "The table kicks John." This
distinction explains many phenomena in children's comprehension of
sentences such as "This is the house that Jack built" and the noncom-
prehension of sentences such as "This is the boy that Jack kicked." In
an experiment on passive sentences, this diffe-rence was also found be-
tween sentences such as "The car is washed by the man" and "The car is
followed by a truck." In an immediate-memory experiment, we found
that half of the four-year-olds quite correctly repeated sentences of the
second type, but without being capable of understanding the relationship
between "actor" and "acted-upon." At five, these correct repetitions
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_without understanding began to disappear and-in their place we noted
different expression-s- that correctly indicated the relationship but did not
reproduce the passive construction. Many children simply turned the

_passive into the corresponding active but were convinced that that was
what the_ experimenter had said (Sinclair and Ferreiro. forthcoming).

In general, it -seems that representational ability is closely linked to
cognitive _level, but -with important-differences as regards the infOrmation
represented. Probably because in Inatheniaties representation is so close
to operations, in that discipline the-influence is the clearest. Moreover,
although as yet not much is known about the development of the different
aspects of the symbolic function, it seems that this development varies
more from one individual to another than does that of cognitive struc-
tures, There are important indiVidual differences in the use of language
and the same-can be said about painting. musk, and acting._ In contrast
with mathematical notational system; these sYmbolic representations
callow to a,point. he disSociated from what they-express. The language
of Poks-is nor more beautiful than that of-btber_people because they have
better concepts to express. Inversely,-WoOt_hinguage and. clumsy drawings
do not necessarily_ indicate low conceptual levels.
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Proportionality and Probability

It seems common for fourth formers. say. to be perfectly at home__
_with . . . but to be utterly terrified by a problem in-simple propor-
tion ..New Scientist, 7 May _1970.

All experienc-e in the classroom shows that- the scheme of proportion is not
readily available to the pupil, and since it is so important a scheme, it is
worthy -of some considerable attention.

PROPORTION

As you know, Inhelder and- Piaget regard the essence of -formal-opera-
tional thought as the ability to reverse the direction between- reality and
possibility. Butwe caul also think of it in other ways. Since the pupil now
no longer deals with the_intuitable but rather with verbal elements, a new
kind of thinkingpropositional logicis imposed on the logic of classes
and relations. Again, formal-operational thought may be characterized as
second-order operations, for -the subject can now structure relations be-
tween relations as insthe case of, say, metric proportion, which involves the
recognition of the equivalence of two ratios. Indeed; the position was
neatly expressed by Inhelder and Piaget (1958, p. 254) : "In this sense pro-
portion presupposes second degree operationS, and the same may be said
of propositional logic itself, since interpropositional operations are per-
formed on .statements whose intrapropositional content consists of class
and relational operations." It is because the scheme of proportion, like a-
formal grasp of the concepts of, say, thermal capacity or energy, depends
on second-order operations that the scheme is a late acquisition. Alas, the
teacher of mathematics and science knows of this-lateness as a _result of
experiente, but he has not -hitherto understood why this is so.
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Proportion in geometric form

Piaget, Infielder, and Szeininska (1960i argue that before a child can
think about similar figures, he can directly perceive whether figures having
different dimensions are similar. So the idea of proportions must, in their
view, be sought in-the perception of fignres.

One of the many experiments that they used involved showing the child

=a horizontal rectangle 1.5_ cm X 3.0 cm as a model and larger rectangles
all of the same width, 4 cm, but varying from 6 to 15 cm in length. The
model and the figures for comparison werepreSented -in random order and
the subject had to-pick the large:one:that "looks like'' the little one._ It is
said that _in Making a choice between the alternatives, -intelligence is

goVernedibyPerception-and the Geneva workers -speak of this exercise as

a- perceptual- estimate. s
The -chid was also presented with the same model -1.5 cm X 3.0 cm

and-asked lo-draW a box, square, rectangle (or whatever he cares to call
"the:same-but-larger," On another sheet of paper. One can either avoid

suggesting any length for the base of the drawing or fix it at try-ft,ttlitee-ror

four multiples- Of the base of the model. low- in these drawings it is
intelligence governing perception, and Tiagetand Inhelder speak of this-as

an intellectual construction. They argue for the following broad-stages:

1. The child is unable to make any-serious-effort- at the tasks.

2. Efforts are usually confined to the attempt to-reproduce What he looks

upon as the essence of a rectanglethat is, an elongated square. Thus
hiS drawings tend to exaggerate the length of the rectangle.. When it is

laid alongside a correctly proportional enlargement, _he thinks thfe___
latter too high and wantsio_tut it down. Themis no desire to measure.

3. There is now a spontaneous attempt at measurement, but the child's-
efforts fail because he still does not realize =that it is a proportional
rather than an absolute increase in size that is required, with the re-
sult that the length of the rectangle is still exaggerated in his drawings,
However, if he is shown larger rectangles drawn to scale, perceptual-
estimates are in advance of drawings and appear to guide the latter.
The subject centres alternately On width and length and appears to be_

trying to take into -agrt both dimensions simultaneously and to
arrive at a conscious conclusion. During the latter part of-the stage,
both length and height are increased, by adding an equal amount to
each in an effort to obtain the correct ratio. Once again he finds his
perceptual estimates and intellectual constructions at variance, -and

he may alter his calculations to suit the estimates. Only in the ease of
simple proportions involving the ratio 1:2 are the answers correct.

137



Piagetian Research and Mathematical Education

This instance needs only concrete-operational thought, since one side
has to be double the other.

4. The pupil begins to understand proportionality, thought influences
perception, and he can draw correct constructions when- height and
length are in- the ratio of, say, 34 or 44).

Our experience at Leeds is that pupils' responses canrmore or less, be
placed into these -categories,- although the_ ages at which stages are
reached are somewhat older titan-Find proposes.- However, I do not wish
to discuss more ininordifferenees train the Geneva findings but rather -to
look- at something _of far greater_ impedance.

kiagees notiOn. of- scheme

You s i11 notice that in -nit opening words referreit to the :Scheme- of -_
- proportion._ By the_: term: Scheme-:Pi4get- indicates,_if-

iuti derst-a nd= hits
correctly,: the-generatstructure-of :fictions _ors operAtions;-=it,i.sf_ the -gen-
_eralisable aspect_ OU_Coordinating aetions-AlietcanThe- applied =14-analegouSt =z

-situations,--So we-can speak of wseheme-oforderin&a=scliemeef clasSifita-
tion,a-sclieme=of-prOportion,_afid-a schemerof-proliabilitV. -1We=are =here
dealing -with general knowing, -And-it woultLbe_in- keeping witly:Piaget's
general _position to _suggest that :the ehild -_would--have,=_say)--StbStantialn=
classificatory or -ordering Skills in Alliareas ofJekperience_ orit6-they Wereavailable in one This does,not imply that there=are-fitrvariations in the
ability-to use these operational

scheines-ae-cording:t4cOntent, context, sub=led,- area, and so ,-_forthbut we would-not expect strength in one and utter
Weakness=in the-other (cf;--the problem of the horizontal differentia°. The
point is that we _need to -know far more-about the development_of thescheme of proportion-across a-wide range-of-content areas. It is,- therefore,
myintention now to outline sonic further worltof the--Geneva'sehool Which
is relevant to the scheme of proportion, in the hope that/shalLencourage
someone to undertake a- longitudinal _study involving the growth of this
operational scheme across a very wide range of- content areas.

Some further work

Thus I now turn to discuss some experiments taken froin a more recent
work of Piaget and others-- (1968). Although this work deals primarily

_with _the move from contributory to well-formed functions and- with their
quantification, some very interesting experiments are described that
illustrate the growth of the scheme of proportionality. Their findings are
suggestive, but they are in great need of :confirmation. However, the
upshot, of their-findings will only be appreciated if we flavour the experi-
ments themselves.
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= In one study, tlriee "fish," :1, B, and C. respectively 5, 10, and 15 cm in
length, were shown to the child. He Was told- they were eels so that their
length_ could increase without a corresponding increase in girth. Up_ to

-fifty "balls of meat" were available; and child's task _Wati to give to
=each -fish a suitable =number balls bearing- in mind-Mat, or on the
asstiMptiorithat,---the strength nth& appetite of a fish corresponded- to-its
length.--Iii a second -task the-fish had to be fed with "_biscuits" :Inch Mere
represented by little =rulers -that- -appropriately varied _in length. Once
again --the length of caelr_biscnit given -had to correspond Acithe_ length_ _ ______________

(appetito--of,thefish. -it will be appreeiated;_of-Course, that-the meatball-
=

=-- z ffsTieet

-
-=--

_ n=_

T---AlltthelftieStioriSzaskedAisinf=fieatballsere-agairi- ==ptit=tothesubject.--
-=----bunoWitfiternis7-oUbiSeuits

_-= -Piaget-nridzThis- colleagues -elaimt kakehilifren's=fesgonses_leltinte -four = _
7 breadistages_aSI011ti*S:

_1116.thildiiiierery-ju4gef,:riii-ternkz=soFinokorle,§s;wtliiit-providiiiWfigIC
_ = =BigitS=more-than=fish-:A=ahtlifisli=liCinioWth*fiShiB.,aliaosiliirinTramit_

=_ =-- mealhallser_any-lengthaFbiseuit will _

=

_

Vo-ndence.- = ===, =

-I 2._ NMnerical= quantification_ begins- in=a simple form. :An-ordinal _or quail=
__tati_veVoiferty:_is-_segn betWeen the:lcogtwofthefiSliit 13;antli Cririd =

= -lheorder -of_thequantities_tif-food--A'..W. :Bathe-Mations-- _ _

betiveen- relations-,-43-to B- as =A' iSz-to=:11=and,s-otrirth;-seem- at this
_ stage be expressibleonly--in the simplest cardinal=form A' 4._

_C' B' ± 1. Moreover, it_appears That-this stage_ conies a little _

-later when using the-rulers than when:rising:the-balk which are dis-, _
= continuous _ __

3.- Trie-Metric proportions-are not yet- available; but the child rises pre--
proportions that are more coniplex than = those of-the ordinal type found
imstige-2. In -fact, the -type of preproportion used- is--what,==SUppes has =

termed h-yperordinal, for one :is, so to -speak,i halfway between an
ordinal-scale and metric proportionality. The intervals_ between A and
B can becompared.as more or less Vim the difference hetweenl3-and ___,____, _

= If the difference between A and B is (frail(' that:between B and C is ==, _

then the child's-preproportionality is-of-the form-a is to-a' as,b is to b',
but in which the equality of cross products is Missing: =
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4. Relations between relations arc understood and metric proportionality
is realized.

We have, of course, known-for a long time that some children of ten
years of age can solve itrithmetic progressions. They can also work many
verbal analogic., of the form "toe is to foot, as finger is to hand." The latter
involves a preproportionality that does notslemand the squality of crossed
products:, and they can be worked at stage 3.

I also draw your attention to five other experiments reported in the
work previously cited (Piaget et, al. 1968). They arc very importaFones,
for they deal with the scheme of proportion in settings_ that employ phys-ical apparatus and are _germane to the work of the mathematics and
science teacher. I would remind you again that Piaget and his colleagues
are here studying the quantification of well7formed_ functions. A function
is considered -by them as a relation between the magnitude of two quan-tities, the variation in one bringing- about _a variation in the other in the
same proportion. While their view of a-function helps us in our search for
the development of the scheme of proportionality, is' of course, less
general than _the present-day mathematical definition of function.

Altogether, 353 pupils were studied in the five experiments, the ages ofthe former varying from six-to fourteen years. Unfortunately, the number
of pupils taking any one experiment ranged from 41 to 116. However. the
experiments involved the following:

1. The decrease, in length of one =side and the increase in length of an
adjacent side of a rectangle that has-a perimeter of constant length

2. Serial regularities of diameters and positions of rings placed on rods
of different lengths which were themselves set at fixed distances
apart (see fig. 1)

3. RelationShip of the size of a wheel and the distance travelled by-a
Point on its rim

100 cm

75 cm

50 cm

25 cm

10 cm

Fig. 1
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4. Relationship of the size and _frequency of rotation of wheels and the
distances-travelled by objects at the end of strings the other ends of
which encircle the wheels

5. Relationship of the magnitude of a weight and its distance from the
fulcrum when the arm of the balance is in equilibrium

The-Genevan workers- claim that a child-passes through a number of
rather well defined stages in thelgrowth of his understanding of functional
relationships. Once again their results_ are suggestive; they now need
confirmation. In the first, which lasts up to seven to eight years of age, the
child has great difficulty in relating the successively-ordered values of one
variable to those of another; that is, the successively ordered values -of
r and y in x (y). For example, in experiment 1 the decrease in height
of the reetangle does not necessarily bring-about any increase in its _width
In short, -there is an inability to coordinate variables.

In the second stage, which arises around eight to nine years of age, there
is growing awareness- of simple correspondencesthat on returning to the-
same state one always finds the same values. -Far example, in experiment
1 a given height always corresponds to a given width; in 3 a certain dis-
tance is always covered by a point on the rim of a wheel of_given she in
rotating once; while in experiment 5 a given-weight is always suspended
from a point that is at the same, distance from the fulcrum when the
balance is in equilibrium. This, in the view of the Geneva school, is the
startingpoint for constructing all functional variation . But at this stage
two problems-remain. First, there is that of comparing absolute difference:
In experiment 2 -this involves, at this stage, placing rings in position
entirely in terms of qualitative seriations rather than in ternis of relative
different , which involves comparing the difference between the diameters
of rings, say X and Y. with that between the diameters of I' and Z. _Sec-
ond, there remains the problem of direct or inverse compensation- in ques-
tions of quantification.

In the next stage, said by the Geneva school toearise between ten and
elVtiyaars-ifkUi although in my view the age is much later in children

OiSCriTcre ttiM,--;'-rtlie _beginnings of a-solution to these problems are seen.
Li experiment 2, the child places ring 7 nearer to ring 10 on the rods than
he does to ring I. That is, he places the rings along the rods at distances

-from the end that are in approximate ratio to the rings' diameters. Afore-
over, when the rods of length 100, 75, 50, 25, and 10 cm had to be seriated
in that experimM, younger pupils had placed the rods at equal intervals,
whereas ten- to twelve-year-olds-realized that the distance between the
25-cm and 10-cm rods is less than the difference between the 50- and
25-cm rods. Again in experiment 5, although the distance of a weight
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from the centre of the arm is regarded as one-unitwhat is taken as unity
may change from instance to instance all other distances in a particular
instance must be calculated _in terms of that unit. Finally, in respect of
inverse proportion, the child in experiment 4 can connect four termsa
small turn for a large wheel and a large turn for' a small wheelin order
to give equal distances travelled-by the objects.

It is the search for a law of progression for the actual values of the
variables which marks the passage to the fourth stage. In Piagee's View,
two conditions must be fulfilled before this stage is -fully reached: the
pupil must be able both to handle the boundary conditions of the variables
and the ratios between-the successive ordered values of -the_ variables. -If
the functional law is to be expressed only in qualitative form, it is sufficient,
merely to _relate the variables: height decreases as width grows, the larger
the wheel the greater the distance a point on the rim covers, the heavier
the weight the nearer the centre We must hang it. The ten-year-old
understands these~ relationships. But it is froth twelve years of age
onwards for Piagetin my view twelve -for the brightest and fifteen for
More ordinary pupils that the boundary conditions can be established
and-the intervals precisely defined.

Thus in experiment 1 the limits are betWeen the sides of the original
rectangle and a-height of zero and a-width equal_ in length to half_ the orig-
inal perimeter; that is:, as ' =3 0, 1) semiperimeter. -The child has tb-be
able to appreciate_ the necessary d reciprocal compensations to regulate
for all the trans-formations as the rectangle undergoes-the various changes.
As faeas the ratios between the successive ordered values of-the variables
are concerned, it is instructive-to note changes in behaviour. Earner in
experiment 2 the position of each ring is determined by its-rank,that
according to qualitative seriation. It is also- placed according to the
relevant and corresponding fraction of the -rod, so that ring 7 is placed 7/10
of the way along the rod. Finally, the pupil ean construct true proportion-
alities so that the ratio of the diameters of any two rings is equal to that
of the -ratio of their distances from the end of the rod. Again, in experi-
ments 3 and-4 the final stage is reached only when the size of wheels, or
size of wheels and frequency of revolution, can be put into precise pro-
portionality with the distance travelled. Even so, according to the GencITA
evidence, relations of inverse proportionality come later than- those of
direct proportionality.

So it seenis that the child only slowly and laboriously grasps the rela-
tion between the magnitude of two quantitieSwhen the variation in one
brings about the variation in the other in the -same proportion. At the
outset it is a mere putting into correspondence two valuesfor example, a
larger wheel and a greater distanceor it appears in the _form of some=
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causal dependencyfor_ example, the weight of a piece of iron depends on
its size. The final stage depends on the elaboration of formal thought, for
then- the ratios between successive paii-s of ordered values of a variable
can be handled.

Many other studies have confirmed-the lateness of the growth of pupils'
ability to handle metric proportionaround twelve years of-age in able
children and fifteen or later in ordinary-lones.= These studies have been
carried_outin_a variety of content areas:

1. Inhelder and Piaget 11958 L using the balance, also the rings and
sh ado WPaperimen ts

2. Lovell- (11961),-using the same_experiments as Inhelder and=Piaget
Lunzer -_(1965),- employing-number series and nuniher analogies

4. Lovell and Butterworth (1966)-
This study involved the scheme proportion using cumber analo=-

gies; the valance, also the rings and shadows experiments; relatiOn
between- the_ size of the-external angle of a- regular-polygon-and-the= A
number of-its sides; ratio -of--the area., of-Similar-triangles_given-the
dimenSions_of a=pair of corresponding sides; at so- forth. A prin-ci,
pal-Temponents analysis showed that a _marked general factor was
in evidence, which-correlated-highly-with tasks- involving =the scheme-
Of proportion. At the same time, - however, there-were variations in
the =level of perforinance of subjects across Wks.

5. Steffe and Par, (1968), using-prate-ins classified as ratios or frac-
tions and presented in pictorial or symbolic form"

But no one has yet taken representative samples of- children and traced
their growth longitudinally in respect of the scheme of proportion, across
man_ y content areas. My forecast is based on other work_at,Leeds,=tirat
the older the pupil the more the scheme will- be available in widely sepa-
rated contexts. Likewise, the abler the pupil the more likely it is that the
scheme will be in-evidence across= different content areas. Inhelder -(1969)
has also pointed out, although not-in relation to the scheme of proportion,
that for pupils whose performance on the tests set was above average for
their age, the differences= between- their results in one field And those in
another were less than that- for pupils of average and low levels of per-
formance.- Inhelder stated; "Their behaviour was mme coherent in very
different fields like space or time on _theone hand, and logic on the other."
_Below-average subjects- showed_ far greater ineonsisteneies.= We need te
know, too, what influence progress in respect of the elaboration of the
scheme of proportion in geometric examplOS has on its implementation in
nongeometric contexts. Again, we want more information on the -develop-
mental process and the specific difficulties pupils encounter:- Most of the

-4=
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time we have to accept cross-sectionatitudies, but these too often fail to
attain the fleeting, transitional stages and the subtle interaction= between
learning in-different fields. Only longitudinal studies will tinswersome=of
the questions. we -want to ask mire -sjceet of the scheme of proportion. Such

-----studies alone will reveal if Some contents and contexts-are more facilitat-
ing.-soto speak,-than others and whether there are-large individual. differ-
ences between pupils with respect to content. For mathematics and-science

_ teachers-who depend greatly-on their pupils'- having-available the scheme
= of -propoi tion.-such Work would heT:of-great value.- m_

PRO 13A RI LIT=1-=

Yiaget -anii Infielder =119519=--have-o_utlitiedAheir _finding in-YeSpeet Of
u derstan ding if,H eliaieetint- probability. = r _

exp-erinients, aslEutislrto:=

=draw=yenr7 attention= laterJo- a =recent studY involVing=the-teaching-of
_probability. - --=- 7

-4-

= Somt--(if Piages

--One-experi malt- invol ved=con titers; -Son ie_O f idlt ancross_o r __ _

uWrilTslioWn---_t_wo_groupS-otitliese

coutiters,-_with_=t1-1C-CorreSpon-ding-1_nunibrer:oEcrosses:_foreaCligro-up, TOI-s =
=

16Wingthis-ithercouniterS Wereliwne&OVerrse-Aliatkno -crosses =were visible:,
-reach -of-_--theAwo-groups--o-f7--Co_unters-Au'iisseparatelt-ictambled. =The--:task--
for tlia:suliject_n*--tojudge which grtitin-gavc elianee- of- dra- W-
ing- a---e-ounter-withi=a- cross.-_ The-=-easier----exiinfples involved comparing

_groups coiltaining-,fsay; two -CroSsesTout of- -four- counters with --,erocrosses
out of=fOureotinters. latersta$kri-involVe-dzgrdOwAVitIay_._one-cro.$'s out
-ofi-t_wo_counter:-_and--tzwo-erosses_-otiCof five counters. Tlic upshot was_that

= effildrenininiddle childhood-unade sonic-attempt,to-quantify=prohabilities:-
hut their Oretlictions-were--alWays -inade=on the =ba it of:-the :absolute-nuin-
bet. oteounters witherosses-in-thegroupS and-not-7Onlite basis Of-the ratio
of -the -Munber of counters-wait-crosses to the total number of _counters.
That is-to say,-the.childat this stage scents to be able to compare- ratios:
lie-c;innot-reason= -propoitfons-of-eounter.s -with crosses to
total counters. Intln.th-in-Piaget's,-view the quantifiCatiort of probability

-_ demands the onsetotifornial=operational thought.
But in order to taelcle_quantitatiVeyKrability the child _has to be able

=-to liandle.=in addition-to-iquantitative proportion. the perinutations and
combinations_ according to which -a -set Of elements- are grouped. For
example. in one -study it -was:made cicar-toAlie child flat a bag contained
twenty red and twenty blue marbles. He had-tti pretend= to draw warbles
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from the bag two at a time and predict how many pairs would be all=blue
how many all red, and how many would contain one red and one blue.
Pupils at the preoperational stage of thought tended to neglect the ran-
domness of the situation:and think only in terms of blues and- reds. At
the conerete-operational stage of- thought -they realized-that more of mixed
colour are likely to -bc drawn, but they could not give accurate estimates
of probabilities since combinatorial operations -were not available to them.
Butthe- older pupil does give accurate estimates of prob-ability as this
protocol provided -by the:Geneva school shows tPiaget and Infielder 1951,
p. 223)÷-

"-_More---likely the mixedrones".-11Thyllecause you-,nut-in_40- marbles._
So there are- -more ch:tnces-af taking= mixediones: chances ".--Could
-we havelill mixed -one$?="That=would-be-pretty:strange.--".= And ij ice draui-
fronusthe-bayvtany -timee--Ten-mixed-pairS,5 red One s-% 5-blue-on-es".

4A

=A _recent study-intiolting the-teaching of probability

An-interesting studyilia:t recently been=-rephrted=by_Shepler-149691. He
set-ant iwith=_two-objectives:-to-test-the possibility-of =teaching_ topics in -_
pr-obability and= statistics -to-za -class---tath--grade pupils: and to con-
_struct n_ set ofitistfuctionat materials and pracedures in-:probability and
statistics-for such students: = - -17

=

Twenty=five pnpils -were-chosen:from a -population _of-si-Xty7even s- ixtlf-_
the Sehool__:=-4aff.= All those-who undertvent-tire -expe-rimental

teaching prograinine7agreedjo-do -so.1The-Mean scores-of th-ese=ptipils on-
,the Lorge Thorndike Intelligence Test, Level 3-,==Forin A,=and- on the loWa
Testsof -Basle Skills -were-above average: _in-the case -of:the _foriner test
thetnean LQ. Was-117-.7. _In other words, the pifpils_ involved were average

-r, to above aVcrag- e-in measured-ability-and they -had no reading difficulties.
It course. be realized -that- -the ablest-of these pupil: must have
been bordering on, or perhapslat, the- earlier stage of formal-operatiohal
thought (Piaget's stage

.s _report outlines eatlier experiments in the teaching of proba-
bil- ity to sixth- grade pupils and gives details_ of -his- own teaching _pro-
gramme. Topies includ&: reading and-constructing a bar grapk; subjective
notions and vocabulary of probability; graphing data: probability of an
event -f one diniensional and two dimensional ;_ performing experiments
(verifying decisions Made in terms of probability); and estimated proba-=
bility. =

A pretest was given. an-excellent teaching programme lasting nineteen
days:instituted, and then -a posttestwas given. -There is no doubt from
the results of this -study that, given first -class teaching: selected sixth-
grade pupils can be introduced to notions of probability. In the posttest
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almost all= the questions were answered very well indeed. -For examPle,_ --
there was a 100 percent correct response to the following- problem:_

Spin the spinner (fig. 2 ) two, times. _What is the probability of getting
a "2" on the first, spin and a "4" on the second?.

Fig. 2

-= -Again _there was a high _percentage of-correct responses tol:the- following
.

question: =

Two dice are throWn, one red--and-une ivitite. --The sum of the' faces
turning up is recorded. Whatis the_Probability- of-getting a =t-ium cif
2 or 3?

All'questions of this type, involving fini:111 numbers, _form intuitive data,
and they can be solved-by multiplicittie-clitssification.- They can,

successfully tackled- by pupils _with -very flexible concrete- opera-
tional thoiiiht- or at the earliest stages of -,formitIthought.-_

-- But there were just two questions in-the-posttest to Which the- correct-
response rate was low. It was possible for =onlythirteen pupils _out of the
twenty-five to give the correct response to the following question involving
estimated probability:

In 6,000 spins of the spinner- (fig. 31, I3ob gets 2,653 reds; What li-
the estimated probability Of getting a red on the next spin?

In this instance, although we-are dealing with _a finite number of spins, the

Fig. 3
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number is not small and the data are no longer intuitable. Formal-opera-
timial thought is now required. Of these thirteen pupils. sonic may have
learned to respond in rote fashion, knowing the probability was 1. In
the other question, which involved an estimate of a probability using
large numbers, only seven pupils obtained the right answer.- Piaget's
developmental psychology_-here_helps us-to-understand-what can, and what
is not likely to, -befaiidefirofitibly- With sixth graders depending on
their general level of ability:

Probability and statistics _

It is trite to say that an -understanding:of probability - underpins stu-
dents' capacity to make progress in statistics. But the point must be
made. Indeed, it is worth looking at- the evidence provided by Itihelder
and Piaget (1958) on the growth of pupilS'-tialerstanding of correlation.
This work was repeated by us some te=n years ago (Lovell 1961).

In the task set, the subject was presented with sets of cards on which,
were pictures of girls-with_ fairliair-and __blue eye-s, fair _hair and-bro-wn--
eyes, brown hair and blue eyes, _and brown hair and brown eyes. Fof
example, lie -could he presented-With a set of cards for which a 11.

_b = 3,c ------ 2. d = 8 )see fig. 4) and-then be questioned About the relation-
ship between hair colour-and eye colour on the cards.

Fair hair

!trona hair

13Ino eye:: Brown eye::

a e

b d

Fig. 4

The Geneva school (Inhelder and Piaget 1958, pp. 232 ff.) laid down no
stages below III-Athe earliest stage-of formal thoughtalthough in our
own-work we did lay down criteria forearlier stages:However, atstagellIA
the pupil can estimate probabilities-as relationships between positive con-
firming eases and those-cases that are possibly related to the characteristic
in question. For example, he knows how to judge the chance that a given
girl has fair hair if she has blue-eyes by comparing a to b or to a + b.-
But the- subject is unable to sum the positive and negative- eonfirmings
ta di and relate these to the sum of the nonconfirming -eases lb +
or to the stmu of the possible instances, a b c d.

At stage MB. howevn, Geneva claims a spontaneous relating of con-
firming to nonconfirming cases and to the :sum of all possible cases. This
adding of a and d.-also b-and c, marks the appeimmee of correlation in the
strict sense of the word. The protocols given (Infielder and Piaget 1958,
p. 240) clearly illustrate the stage; In our u. rk we found pupils needed
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more prodding at this stage than the Geneva schoolsuggests, but this
might well have been due to our sample.

Once again Piaget's developmental system helps us to judge better what
aspects _of statistics can profitably be introduced- into the elementary
school, such as the graphical representation of data, simple measures of
central tendency, and elementary notions-of probabilitythe last topic
with the abler-sixth-zrade pupils. But it will be junior high school or later,
depending on the ability of the pupil, before he will be-able to understand
probability in a=more- formal sense,_thu laying the foundations for statis-
tical inference. Moreover, from the point of -view of investigating the
student's growing understanding -in mathematicsii_the ,fOundations and
applications of statistical_ inference_ constitute a_resear(h7area that remains
wide open. _
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umber and Measurement

-_-Two--ba.sieconcepts-:-'ofonatlienlatic.s-,are-number_iincl-nie-asurement.=sin_ --

L

construeied-1=by-zin-af0f-A=ntiLexen=the=e-b-ifstructibir-sof'itheSimPle-:p--6sitWe
_ntniibersis

Svidetitly;Aliese_,zebneepts_lbf-nitinber-iatiel-fineaSureinefiti-shouldl,nOt
eonft-ised

liniCheWeen--4116-feoneept-
ninnber=-M=Ibe-senseifol-Iliwunderstiidi441=Aheserieol- integers==,and

-_ the notioni-of--tonservationfonumerietthquantity, -tilthou-gh_Ahey-are--not_
-contemporMieb-ns.Hin the i_ame---way--, =there is-a= close link-

between-, inetisufei iient-tm-d=eOnser-vatiOn ------------------------ again, these--
are_ =neither- ,-equi ident,,-nor -conipletely- ieantemporaneOus.

z though_ the _Ooneepts=6E-Munber=andtineasuiement =may_-seeni rather- d is-
=similar. 'theiT:1.5 a Verr-close relationship =between =them as - regards- their
mode ol_e6n§truetion in development:.

NUMBER-

According to Plaget--. the 'concept of -number is _dertVed _from the syn-
thesis of -the systent-of operations pertaining, to c_ lasses twith- reversi-,

by.annulinent) and -that_eoireerning-relation-s- (ith_mversibility by
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reciprocity). To handle a finite collection -of objects from the point of
view of their number, one has first_ to eliminate all qualities of the indi-
vidual elements so that they become identical and thus interchangeable,
whereupon it -is still possible to arrange them into classes that are in-
cluded one in the other (serially inclusive) such that

(1) (t -1- 1) < (1+ 1 1).

_and,_so on. The individual elements must still remain distinguishable;
otherwise the same element might ether be counted -twice or forgotten.
Since -all individuaLqualities have been-eliminated, the only way to- keei- _
the elements apart is by their order (their position in space or their suc-
cessive appearance in- tune: 1 -4 -1 , etc.). Using both class in-

-cluSion and serial order. we arrive at

Wm-) t).

and-so on. _

Many responses of children to problem situations- concerning this de-
velopment exemplify this theoretical analysis of the construction of
number. The -difficulty of divesting individual-elements of all their qual-
ities, and thus of -totally eliminating class characteristics except-for their
numerical value.- is demonstrate& in _the following experiment. Starting
from two collections of- counters, red ones-and blue ones, With the-blue
collection far more numerous than the -red, the experimenter-and the child
take -counters from the two collections the child from the red and the
experimenter from- the -blue.- They take one counter at a time. always
at the same moment. Having repeated this action of taking a_ counter
four_or five times, the experimenter will-stop the proceeding and ask the
child: "Do we _both have just as many counters? We each took our

-counters at the same time, you -a red one, and -I a- blue one, remember?"
Very curiously, the child may answer: "You'ye got more counters than
I have. Look, you took them from that big heap; I got them from the
small heap." The child's argument seems to be -based on the following
thought: All counters from the red collection are red; all counters from
the numerous collection are numerous (Greco et- al.=1:363; p. 82).

Thedifficulty of understanding -the serial inclusion charaaer of-number
is also illustrated by-an experiment designed by A. Morf (Greco and
Mori 1962. pp. 71 ff.). For _the eight- year -old, it is quite clear that 9
includes 8 and that to-get to 9 one- has to pass through 8. To five-year-
olds. however. this does not scenr to be clear at all. In this experiment,
there is a collection of little cubes. 7 or 9. on the table. In front of the
experimenter there is only one cube, and-one by one-he adds cubes to his
collection until he has a good deal more than-9. One first makes sure
that the child knows that in the_heginning he had more than the experi-

150

,==



Sinclair / Number and Measurement

mentor 19 as against 11 and also that after the adding of cubes the
experimenter has more. The question now becomes whether there is a
point in the proceedings when both had the same number of cubes. The
five- and sometimes the six-year-olds are not at all sure. Some typical
responses are: "You can't he sure; it could-be first one too few and then
one too many" or, quite explicitly, "There can be more and then less-and
never the sonic at all." These children seem to admit that it _is possible
to junn) straight from not enough to too pinny.

Other peculiar behaviors have been found in different experiments, all
showing the complexity of the construction of the number concept. In
the numerical conservation experiment a preconservation stage has system-
atically been found (Greed and- Morf -19621 -where --the- following- pile
nomenOn _appears._ There arc- two collections of red and- blue counter,
first arranged so that one is--underneatlithenther in- an optical one_ -to-one
correspondence- and theri one is:spread- out to make a longer line. Before
the age of =five or six, children will affirm that-there-are -now more blue =-
counters (in the longer line} than red- otter, or -that -there _are no longer- -

nouglf xed counters to- cover every blue one, or_ that there will be blue=
ones_ left, over, and so-on. if they are then asked to count the elements
in the undisturbed collection, they -find that there -are 7--theY:may' or
may not Kaye:counted correctly, butswe- accept their-answer. If- then- the'
experimenter--c-overs_up -the second collection with -a piece of paper and
asks how many counters there arennderneath the paper, children at- thi.=.
particular stage will say; "7- too."-= For them, there seems -to be no con- -=

tradk'tion between the two statements: "There are -more blue counters"
and "There are 7 red and _7 blue," Greco (Greco and Morf 1962) has
called this _phenomenon the concept- Of quotity, which precedes -that Of
numerieal quantity. -

A similar behavior has been -found in a quantification of inclusion
learning experiment. Here we have two dolls. a boy and-a- girl, and the
experimenter- gives One of them a collection of fruit,---for -instance, 2
apples-and-4 peaches. The -child is -their asked to give the_other (toll "just
as Many fruits, just, as much to, eat, so that it's fair, brut give your doll
more apples because he's very fond of apples." At a certain stage-, chil=
drew are-capable of doing this and will give their dolls 4 apples and 2
peaches, keeping the total-number-of items constant. Iloweve". when they
have assured us that "flow_ the dolls have just as much_ to eat-, nobody's
jealous, it's quite fair, 1: we cover the collection where they themselves
have_ given more apples _but the same _number of items ands ask them to"
count the-sample'eollection. They -saY, correctly, that the =first doll has
six items (fruits( to cat. When asked if they can tell us. without uncov--

_cling the other collection. how many fruits the other dell has, they say,
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"Eight, because I gave two more apples." This is not-a simple lapse of
memory, because when we ask how this is possible, since they themselves
made sure that everything was quite_fair,-they _explain: "Yes, it's fair;
they have the same to eat,'but -one has -8 lie's got 2-- apples- moreand,
the other has 6." -Once again, what to us is a contradiction between two
statements to-them is no more-than-a linking of two compatible_ affirma-
tions._ It is only during the transition stage that children become con=
fused and perplexed by their own answer, a factor that is particularly
clear in our learning experiments. At that point it -is often possible to
invent a slightly easier situation where the solutfon suddenly becomes
clear to the child. For instance. in the-quaritificationf=dVinclusion:prob=
kin, one can then suggest.-that the child give only apples-to his doll:: in
this situation he does not need to adjust the-numbers, of -the two sub-:
classes, and- the numerical problem will become- clear,-,4 apple -and AT
peaches are 6 fruits, and, of course,--the other-doll-has also-6,-6 apples.

_

Other curious answers have been observed-by Greco-in-an-experiment on
=the acquisition of the concept of ccinmutatiVity_of-addition. To an-adult,

--or even to an eight-Year-old it-is quite clear that-7 = 3 == 3±-7, and'
it is difficult to imagine that this may be an -insoluble_problem-toia -five,

_ye:tr-old. The following experiment was_-effected-by--PZ Gr6c6-(Geeco_and
llorf 1662). Seven yellow cars (not all, the_same length) and-thee red
ears are_parked -bumper to lituriper along the sidewalk-t a-wooden :ruler).
A parkingSign is then placed level With the-back- bumperof the-last cat-
-Now the cars rare taken away and the child is -asked to park then) again-,
but this time the red-ones-first and the-yellow ones afterwards. The three
red ears are-parked and one =of -the -yellOW ones -when the experimenter_ -_
stops the proceedings and asks the child whether the line of parked cars
will exactly reach the parking Sign or _go_=ftirther or less -far. :The-answer-
may be "Oh less far this time; there's a-lot_of room." Evenit-the experk
menter says, But we're going-to-Park-all of them.-the-red -ones nud- the
yellow ones. just as before," they ans-wer,_"There aren't many red ones
in the street; -the yellow ones won't go tOo__far . -.-there-is more yooin
than before!" For such children, 7 3 is not the same as 3 + 7.

These few _examples will have to suffice to illustrate the complexity -Of
the-construction=of the number concept. Several other experiments_ show

_the same_ kind of paradoxical answers and the same Confusions. The
well-known mimerical Conservation tasks do-not seem_to imply au Mune-
diateand complete understanding of the nature of iii-tegers.rhe-curious
responses to-several number problems seem to confirmPiagers interpre-
tation (resulting from his theoretic-al analysis) that the concept Of number
is derived -from a synthesis of class bieluSion and seriation:
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Mr A:11EMENT

During the concrete-operational period. the child not only_leants to
handle, in a logically ooherent way. relationships between discontinuous
objects, but he also begins to be able to deal with spatial concepts:. Ac-
cording to Piaget,- this type of operational- strUcturalization is- exactlr
parallel to that of classes, relations, and numbers-. The difference lies in
the fact that in spatial operations- one-has to act on continuous- objects -

into which- units- have to be introduced- before they can be quantified.
Measurement- of length, fOr instance, implies_ several steps: first. _a Unit
has to be-partitioned r off and-then this--unkhas to be- di'splaced without
overlaps -or empty intervals, =which corre sponds- to a serration; second,
these continuous units form inclusionsthe first bit one has measured
is included in-the bit- that comPises two units. and soon. Thus, measure-
ment is constructed from- a synthesis of displacement and additive par-
titioning. parallel to that =of= sedation and inclusion, which cOnStitutes_
the number concept.

However. this first measurement concept .tlength) is achieved rather
later than that of number: the tiine_lag is between_six months and-a year.
There is an evengreater time lag==two to three yearsbetween acquisi-
tion of the corresponding conservation of length concept and the Simple
numerical conservations. Althotigh the psychological construction is
parallel, dealing tvith -continuous elements is very much more difficult
than dealing with discontinuous units. Moreover, there is no easy way
to lead the child from-one to the other. as has been amply demonstrated
in a learning experiment designed by Magali Bovet (Inhelder and Sin-
clair 1969) . Several different _situations were set up with the aim of
making -children, Who easily succeeded in _the numerical conservation
task. realize that they could apply the same reasoning to lengths. Or roads

they-were -called in the experiment. Matches were glued Onto tiny
toy _houses so that roads could he. constructed (with different contours)
whose lengths could be evaluated by the number of houses along them.
We-wondered whether children, who in=a pretest had no trouble under-
standing that a change in the dispositionof one of

not
lines of houses_

originally set up in -a one-to-one-correspondence did not- alter the number
of houses- (Or ,the numerical extension of the two collections), would im-
mediately understand that the two roads that is._the matches which had
been glued to the hones) would also -retnani the same length. In this
situation it-is-easy to ask_ questions- altbrnately on the number of houses
and the length of the roads. For example: "If you walk alotig here, do
you go past as many honses as on the other- road?" "Are -there more
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_houses on this rood than on the other?" "If you walk along here, do you-
have further to go than if_ you walk there? Will'you be just as tired, or
more, or maybe less tired?" For some children, there is no connection at
all between the two types of questions: the number of houses is the same,
but the roads? "The roads are different, one is much longer, because it
goes further (the straight road, compared to a zigzag road) ; you'd be
more tired, because you have further to go. . . ." Other children seemed
to catch_on and argued, "Same number of houses means same number_of
matches; same number of matches means same length of road."

However, in a second part of the experiment, ehildren'-were asked to
judge comparative lengths of road. which the experimenter had con-
structed either using equal-length or unequal-length matches; in addition,
they were asked to construct roads of the same- length as the experi-
menter's, but this time using shorter matches- and following different
contours or starting from a different point. In fact, using only matches
-of equal length meansjhat the experiMenter has already solved part of
-the problem for the child, who can-now simplv discard his intuitive soh),
tion. whereby he judges distance by points of departure and of arrival,
in favor of a counting procedure where he judges by number of elements.

Having "learned" -in the first series _of _problems that the length of -a
road can he judged by counting the number of matches, and having cor-
rectly solved a-number of-problems dealing with matches of -equal length,
one -of our subjects was faced with the following situation: seven shorter
matches making a road of length -equal to one of six longer matches, the
two roads being in a straight line. one directly underneath the other (see
fig. 1).

A -0- ( 6 matches

11

Fig. 1

ems 1.111 (7 matches )

This situation poses no problem even for children who do not have- any
conservation of length; they correctly judge the roads to be equal. After
the learning procedure, however; one child announces that A has less far-
to go than B. since there are six matches as against seven. She- explicitly
refers to :1 as being less tired and to B'4 road as being lodger. When dis-
coi_zsing the situation with the experimenter, she changes her mind several
times: -Same length, because I can see -they go just as far; not the
same length. I've counted the matches, there are six here and seven there!'
At no point in the discussion does-she refer to what would conciliate these
two differ at answers. that is, the unequal length of the matches.
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The following situation (see fig. 21 was also presented: four matches
in the top road in a straight-line; six matches in the bottom road in a
zigzag pattern; departure and arrival coinciding; and all matches of equal
length. One subject answered: "The roads are exactly the same .._. -except
that you've put a- bit moreiin the bottom one so that they're the same
length!' An involved bit of reasoning, Ivhich left the child himself rather
perplexed; after a minute's hesitation,_he said: "But-then, why are they
the same? __That's what -I'm wondering aboutthat's what's funny."

A

Fig. 2

The following is another example from the same learning experiment.
In the situation where there are fotirmatches in a straight line as against
five in a zigzag,one-orour-subjects counts correctly: four at the -bottom,
five on top. But when w_e___M:k him-about-the fonds-, he is convinced that
they are the sate- length: "-You'd-be just as_tired;they go -just as far; ...."
Counting once iigainints no effect on his judgment of length. After the _

same subject-lias- correctly solved a number of construction problems, we
come back to this situation of four as against five matches. This time
lighthas dawned and the answer is correct. But the child remembers his
Wrong answers and, when we ask him to explain, says. "Because I didn't
count-properly, because that (pointing to the extremities) came/ to the
same place." This answer also takes some working out; in fact he had
counted correctly -- -five as against_ fourbut he had not been able to
make the correct use of counting, discarding it in favor of a judgment
based on the ordinal properties of the configuration.

The situations where the child himSelf had to construct a road equal
in length to a model, using matches of different length than those- used
by thP experbramitel (seven small matches equal five long matches; were
those bhown in figures 3-5. The only situation of -these three which can
be solved immediately by a child and whose solution gives the correct
answer is the problem shown in figure 5, five long patches equal seven
short ones.

The primitive way of judging lengt1Fis ordinal. It is therefore not 'sur-
prising that children who do not conserve length-construct their road in
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Experimenter:

Experimenter:

Child:

-1

Fig. 3

Fig. 4
_---

Child:

Fig. 5

figure 3 so that its extremities _coincide with those of the experimenter's
roadin hict they need only four of their matches to do this.

-In figure'figure' 4, _however, the ordinal judgment does not come into play
since the roads are too far removed from each otlier=the road to be built
is not directly underneath tile model. Here we see the other primitiVe
way of judging length, that is to say, simply by counting the elements
without paying attention-to the fact that the matches are not-of- the same
lengths and cannot therefore serve as units.

Figure 5 would again he easy for a-child who-does not yet-have length
conservation, since here the right solution is immediately obvious when
one uses the ordinal criterion. But after the other situations, the children
in this experiment often have trouble with this problem. They count the
matches in the experimenter's road, five; they take -five of itheir- own
matches, put them end to end, and then

are

that. the problem- is in-
soluble. "It can't be done; my matches are not right, I need matches like
yours." After a while, however, they will realize that the difference in
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the lengths-of the-matches can be compensated for by using more of them.
By virtue of having solved the third problem (fig.-5). the children are

now ready to do better on the first and second problems. For the first
I fig.37,-one might -have expected that now the correct solution would be
given immediately: seven smaller matches will make the same length as
five. long ones. This type of reasoning implies _a grasp of_ transitivity,
which. according to the theoretical analysis, is achieved only with the full
structuralization.of the system of transformations. And indeed. the chil-
dren who progressed this far in their reasoning -were-capable of solving
:ill the,problemi of conservation of lengths in our posttest (in which we
used wire that was twisted and no units were involved. But many others
came up with interesting compromise solutions to the first, problem. Some

-children broke- one of their matches into= two piecesthus_ constructing
a road that did not go beyond that- of the experimenter but which had
the same number- of "pieces"--jwith total disregard for the fact that not ---
only were the pieces in their road different from the experimenter's- units:

-but the pieces themselve-s7Were not all the same length: Number is cer-
tainly beginning to have something to do with length, but in a rather
queer way.

The following is an example of another type of solution that scent
slightly more adVanced.- -Again wanting to equalize numbers in-the two
_owls, the children used one extra match, but they put it vertically, so as
not to disturb the coincidence and so that, in their opinion, "the roads go
dint as'_far,--but- you need more of the smaller matches than of the long
ones."

A third type of compromise solution goes even further in the right
direction, These children comply with the instruction -that their road-
should be straight; they also apply the --principle of "more smaller-
Matches" amid put one more match on their road, thus "going beyond" the
experinienter's. However, when they look -at the configuration, they may
break off a piecetheir road "goes too far."

The compromise solutions illustrate very- clearly the difficulty of co-
ordinating several patterns of reasoning in the problem of- evaluating
lengths. Judging by the points of departure and arrival is one-. and in
certain situations this mmv_y--be Sufficient. Grasping the importance of -the
number of Units is another, which, in the case of two lengths already
partitioned into the same units, is sufficient. Grasping the fact that the
number of units only applies if the units are all the same and that if this

not the case then compensations have to be made is another step in_
the right- direction'. Finally, in the most difficult situation,- only a coordi-
nation of these_ different --principles coupled with an understanding of the
Transitivity principle will lead to the right solution.
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This long analysis of the problem of length seems to provide another
illustration of the complexity of the concept and to confirm Piaget's view
that measurement results from a synthesis of serial displacement and
additive partition, just as number results from seriatim and inclusion.
It also illustrates the danger-of presenting children with tasks that can
be solved by simple application of an, in itself, insufficient type of rea-
soning.
'1M-ever, in the general framework of cognitive development,- these
findings concerning number and length give rise to some questions. As
we have said, during the beginning of concrete operations the one-way
mappings of the preoperational period and the_ functional dependencies
which lack quantification and reversibility change to operations in the
Piagetian sense of the---term; that is, interiorized actions- that are re-
versibltc-form a system -with invariants, and allow new modes_ of com-
position through transitive reasoning. Although this grouplike structure
iind the different types of operational structnralizations that derive from
it are characteristic of this whole period, certain tasks prove much easier_
and -are therefore solved much earlier than milers. In a general way, this
is understandable:- =Concrete, perations are c..11ed concrete becaus,e-_they
are based on real. actually possible actions. Thus-the content of a prob-
lem. quite apart from its structure, can make it easier or more difficult.

The-very first conservation is that of numerical quantitynumerosity,
to avoid the word number. The nature of the_ series of- whole numbers
itself becomes understood only gradually; in our examples we did not

_even -touch upon -what happens when number problems -corker)) large
numbers or even infinity. Another basic conservation is that of matter
a peculiar. seemingly abstract concept that nevertheless grasped before
the more precise conservations of length and weight. Now, it is under-

-4andable that conservation-of the numerical quantity -of a collection of
discontinuous elements is achieved earlier than that of a continuous
quantity. But why should the conservation of a continuous quantity (as
illustrated by the= problem of two balls of Plasticine,-one--of Which is
changed into a-saftsage, a pancake, etc.) -be-achicredarlier_than -the
corresponding imam of length? The latter prOblem obviously does not
demand a capacity to understand the abstract concept of_ length as-a line
with no width at all the children are presented with bits of wire or very
thin sticks and their width does not create any additional difficulties. In
the Plasticine problem they have to deal with a threc-dimensional oh- _

sliould that be easier?
There is another point. In all conservation problems one of the factors

that accounts for nonconservation is the tendency to make ordinal judg-
ments based on the ideas of going beyond. oretakiny.- and so on. This
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of course, linked to the one directional way of preoperational thought-
without reversibility. However, this same factor is at work in all con-
servation problems; why should its influence be so powerful in the_ case
of length?

It does not seem inappropriate to finish a paper on the development of
concepts of number and measurement with a catalogue of questions. In
fact. it illustrates rather well what Piaget means by -equilibrationthe
solution of one problem immediately leads to a new series of questions,
%vhich had not been envisaged before. The achievement of one stage in
cognitive developnient implies at_ the same time that a new stage is in
preparation. Or, as Piaget once said in answer to a question on how he
felt about the future of psychology, "I am very optimistic indeed-, every
day I see new problems."
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KENNETH LOVELL

The Developinent
of Some Mathematical Ideas
in Elementary School Pupils"

This paper deals with three issues: t It properties of the set of natural
numbers: 121 equalization of differences leading to averages, and (13)
adjustments and combining of odds and eyens.

PROVER:11ES. OF THE SET OF NATURAL, -NUMBERS

A brief description trill he given here of the experimental findings of
P. C. Brown 110691.

Su u1 pie

Pupils were-drawn from the top class of a Britigli infant school -and
from each of the four classeS of a junior school. The ages of the children
tested thus ranged from 6+ to 7+ years in the infant school _to 10+ to
11+ yrars at the top of_the junior school. However, each school had a
two-class entry. unstreamed for ability. but with classes arranged accord-
ing to age. each class having an age range of approximately six months.
hen_revere roughly thirty pupils- in each class. The pupils were said to
form a- representative- sample from an urban area. Both schools used what

-are deSeribed as "traditional mixed" metlifels. this designation indicating
that there was a greater degree of inquiry and self- criticism with respect
to the methods employed than with the "traditional _throughout" method.
-However. both schools made little use Of structural materials.

-From each of the two classes at each age level, nine boys and nine girls
were randomly selected, making 180 pupils in all. At each age_ level, nine
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standing of the following:
Identity propertyaddition
Commutative propertyaddition
Associative propertyaddition
identity propertymultiplication
Commutative propertymul tipli cation
Associative propertymultiplication
Distributive propertymultiplication and addition

Each-section of the test began with practice examples, and there then
followed a number of examples to work. All instructions were given orally,
with practice examples written on the blackboard where necessary.

We are not primarily concerned with the written tests. However, it is
necessary to indicate the general form of the written tests, since the indi-
vidually administered tests paralleled them. Examples for testing a child's
knowledge of just two of the properties are given.

Identity_ propertyaddition. Put die correct numbers in the empty
boxes and underline the one example that is different from the others:

5+ 0=
3 + 0

+ 6 = 6
8 + 0 --- 9

7= + 7
Commatatire propertyaddition. Put the correct numbers in the empty

boxes and underline the one example that is different from the other: .

4 + 2 = 2 -I-2+ 5 + 4
6 + + 6

0 + 3= + 3
7-1-- I + 7

The indiejthially administered tests

There were nineteen tests. all individually administered. that covered
the areas indicated below. Sometimes there was more than one test used
to examine a law.
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Marbles were only added or removed if the_ child hesitated :1

The following lists the possibilities for other questiOns:
1. Odd -1- 1

_ 3. Odd 1

5. Odd + 2
7. Even + 2
9. Odd 2

11. Even 3

2. Even + 1
4. Even 1

6. Odd + 3
8. Even + 3

10. Even 2
12 Ocid 2

STEP tia. The experimenter asked :

If you r_it unknown.,dld number of marbles into the marble
chute : nd theit add the III lee from another odd-number chute,
would the whole row of mar es be odd or even?"

If there was hesitation on the part f the child. the marbles from snit-
ubleluoes were combined_in the mar he chute but tle sliding cover was
used to prevent- dir"ct veritieatioa. It this way a test was made for:

1. Odd Odd 2. Even Odd
3. Even -1- Even 4. Odd -1- ',vett

STE', GL. Here a test was made for the effect of combining the st ne odd
or even unknown number three or mow times. The procedure was the
-atm as in_tia. If successful in the ease of "three times," a free range
of supplementary questions was asked: for example.

f-wc--out-t lipatn-r-rald-tuttribee-ohmo ITIrs-into-tfie-rhute-five-times



Closure propertymultiplication
Commutative propertymultiplication
Associative propertymultiplication
Distributive propertymultiplication over addition
It is impossible to discuss all nineteen tests; indeed, only three will -bedealt with in detail. But this will give an idea of the kinds of tasks set andof the form of analysis. It will 1W--appreeiated, of course, that the-first two

tests are based on Piaget's study of unprovoked correspondence and ofadditive composition respectively.

Commutative propertyaddition. The materials used were ten red andten blue Cnifix cubes, together with two sections of the Stern number
track, each covered with a cardboard mask into which fourteen cubes fittedexactly.

The following method was used:

STEP 1.- The child put eight red cubes, joined together, into the track,leaving a space at one end only.
Question 1. "How many blue cubes are needed to fill the space

exactly? Can you find out by putting the cubes in?"
:i=f the response was correct, the subject took all the cubes from the
track and placed them in the other track.

Question 2. "Does this track hold the stune number of mtres?"'
STEP 2. The child put eiglinilbe cubes at the end opposite to which the

red ones had-been placed, leaving a space at-one end only.
Question 3. "How many red cubes are -needed to fill the since

exactly?"
If the correct response was given, further questions were asked.-

Question 4. "Would-five cubes be enough?"
Question 5. "Could you squeezeeven in?:' (The child must not

verify his response by putting cubes in the track.--
Question 6. _"How did_you work out how many Were-needed?"

STEP 3. Since -there were three_other possible positions at the end of -the
two tracks at which_spaces could be left, the experimenter varied the
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mutative relationship for addition in this situation.

S two,. ILL The pupil may give the correct number of cubes, but he can be
dissuaded and considers that another number will also satisfy the con-
ditions, thus indicating a transitional stage.

IIb. This is a further transitional or semi-operational stage when

pupils make an intuitive discovery without operational compositions.
They are unable to express verbally the commutative principle.

Snot.: III. There is an immediate and secure discovery of the correct
solution. This lasting e_quivalencels=based on the cardinal value of sets.
The subject can explain the commutative principle as it pertains to the

particular situation.

The results are shown in table I, which contains the number of pupils_

at each stage in each class.

TABLE 1

= Frequency: Class by Stage
(Corunu Property)

Stage

Clogs lib Ila Total

8
8
8

8

J4
J3

J2
.11

Infants

7
7

7
3
2

1

-1
_1
3 2

.5 1

Associative propertymultiplication. The materials used were a num-
ber of one-inch cubes placed together to form two similar blocks Ai and

A2. each 2" X '3" X'4". The layers or sections of the blocks were each of
'a-different color. Blocks B, C, and D were 2" X 4" X 1", 3" X 4" X 1",

and.-2" X113" X 1"; that is, each was aslayer or section of blocks A1- and

The follOwing method was used-:

STEP 1. Block Al was placed on the table_with its base 2" X 3".
Question 1. "How many layers are there?"
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.7-

the adjustment of unknown odd or-even number:. by amounts of from
one to three, and were more accurate than at_ level 2. 13in none dealt
adequately combining two unknown odd or even numbers.

Sr.tof; IIII, -The adjustment of known and unknown ninnhers was very
accurate compared ivith Stage Ella. The combining of unknown-odd
and even numbers was attempted; but the replies suggest that pupils
believed that the sum of two even numbers wasz even but "that the stun
of any mid mniefer and any other number. odd-or even. was odd.

ST.uf. 1V. Relevant number substitutes were now made when colublitituf,
unknown odd or even numbers. Pupils were very accurate when con-
sidering the adjustments of both known and unknown quantities by
amounts from one to three marbles, IVIlen asked for t he sum of two
uoknown odd of quantitieS. they achieved the result by subsii,_
luting relevant numbers for each unknown-quiutity. If asked if their
result WaS tlle for all unknown numbers of that type. they often :Aug-
!vested Using direretit numbers.

STAof; V. The frequency of odd numbers was seen as significant. Pupils
answered all questions relating to the sum of three or more odd numbers
and were able to generalize that the sum of any number of even- quan-
tities is itself even, whereas the-sum of a number of odd numbers %%lulus.

The results are shown in table O.-with-it contanis the It-antlers of pupils
at -earirralrefein-cn

lantlly /- The Derelopment of Mathematical bleat in Elementary School Pupils

numbers are larger. Up to eight or eight-and-a-half years of age there
is limited operational use of number. Thereafter, children slowly acquire
greater understanding of unknown numbers. but they may be ten years
of age before situations presented in an arithinetie context will be solved
by generally applicable techniques. Its other-words:. it is two to three
years after number is conserved before average pupils can handle situa-

Aions-in an arithmetic context :which call for a generally applicable method
of calculation. Ile also points out that. as we have often found, although

_educationally special-school pupils sometimes achieve the sfilife levels of
understanding as their norinaf counterparts by mental age. in many other
instances they lag far behinflowever, in the practical use Of money
their performance is much closerffthat of normal children.

When-the performanecs of the normal children in the live individually
administered tests were interorrelated, the interorrelation coefficients
varied from 0.77-to 0.91. These are high, but their site still pertifit;'s7rine
ehildren to be preoperative on one task but operational on another. as
Brown suggests and as all other experience shows. thowever. the per form-
anee on the four individual tasks r the odds-and-evens t.sk was riot given1
ad.uinistered to educationally subnormal special-school pupils yielded
eoeflicients varying in size from 0.52 to 0.69. This. too. eonfirms our
findings at Leeds that .the less able pupils arc. the greater is the irregu-
larity in their level of performance across tasks. Obversely,-the abler
popils_aric -the_eyeater_the___regularity_in their level of performane,=over
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After the Child responded. the experimenter instructed the child to
count them if necessary.

Sme 2.

Question 2. "How many layers like this (pointing to block 11) would
you need to make (have) the same number of cubes as in that
JAM- (pointing to block All?"

STEP 3. Mick A2 was placed on the table by the experimenter with its
base 3" X 4", together with block D.

Question- 3. "How many layers like this (pointing_ to block'D) would
you need to have the same number of cubes as in that block (point-
ing to A.I?"

STEP 4. The experimenter placed block .4 on the table With its base
2" X 4", together with block C.

Question 4.-- "flow many layers like this ould-you _need to have the
same number of cubes as in-that-block (pointing to .4 f;?"

Question h. `Tow did you work out these answerS?"

The following criteria were used to assess the level of- pupils' responses:
SA6F: I. The law of associativity embodied, so to speak. in this concrete

situation demands a certain capacity for spatial orientation. -?fit this
stage pupils are unable to recognize a layer or section -when it is eon-
tained within a larger block.

STAGE II. There is limited use of mathematical multiplication-or a restric-
tion to counting in-single units. This is a transitional stage.

STAGE III. There may or may-not be some kind of- physical maniptilition
-of the _blocks. but in all_ cases- there is mathematical multiplication
followed by an explanation that relates a section or layer to a core-
sponding part of the block:

-The-results are shown in table 2. which contains the numbers of pupi6
at each stage in each class._ ----

TABLE 2

Frequency: Class by Stage
(Associative Property)-

Stage
Class

.14 4 1 3 8

.13 6 1 1 8

.12 5 --- 3 8

.11 1 7 8infants 1 7 8
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Distributive property. The materials for- the first test-include sheet 1
of paper in which there are sections A and B. Section . contains two
arrays of crosses, 3 X 4 and -=.5 X 3._ Section B contains five such arrays,
namely, 8 X 4, 4 X 4. 3 X 7, 3 X 9 and_ 3 X 8. Sheet 2 is also divided
into two sections A and 13. Section *4.1 contains two arrays of crosses.-4 X 4_
and- 2 X 6. -Section B con.tains five such arrays, namely, 4 X 6, 6 -X 3,
2 X 9. 10 X 2, mid 6 X 4.

=The following method was used:r
STE -rP 1=. The -experimenter showed sheet 1 to the pupil and said, "Look

carefully at the crosses lierepointing to the patterns in B
Question 1, "Which of these five patterns (still pointing to the pat-

terns in 13) has the same number of crosses as these tWo patterns
put together (pointing to A ) ?"

STEP 2.

Question 2. (a) "How did you work that out?" (b)-"Do you have to
count each cross separately?" (c) "Have-any more patterns (in 13
the same number of crosses?"

STEe 3.- The child was shown Sheet 2 with one of the_two pattern:
covered up. The experimenter pointed to one of the patterns in B.

Question 3. "How many rows (or columns) of crosses would you need
(in Al to make the same number there (13) ?"

Question 4. "How did you work this out?"

-For the second_ test a pegboard with two-arrays of pks, one-8 X 6 and =-
one 6 X 3,- was used.

The following method was _used:

STEr 1. The pupil was shown-the pegboard with the two arrays of-pegs.
Question 1. "How many more pegs like this (pointing 6 in 6 X 3)

would you need to make the same number of pegs as there are in
-this pattern (pointing to 8_ X WI?"

Question 2. "How did 3'6ft:work that out?"

The following-criteria were used to assess the level of-pupils' responses
in both tests:

4.
STAGE I. Pupils are unable -to make eurreet responses for various reasons,

hut-mainly because they are unable to see a common relationship that
is, a common- factorfollowed by-additive composition. Global assess-
ment involving incomplete visual _perception is typical of the intuitive
judgments made; for example:7M's with different numbers of elements
are Perceived as equal.

STAk II. Although accurate use of number is made, full use of mathe-
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matical multiplication is not. This limited approach usually involves
counting singly, lather than applying_ the common factor (rows and
columns with the same number of dements) or cumbersome trial-and-
error methods.

STAGE III. Recognition of the common factor is necessary for full use to
be_ made of mathematical multiplication, and stating this in terms of
rows or colunins is the natural consequence. The ability to apply -the
necessary addition or subtraction is indicative of the pupil's apprecia-
tion of distributivity.

The results are shown in table 3. which includes-the numbers of pupils
at each stage in each Class.

Class

TABLE-3 ---

Flegiemey; Class by Stage
(Distributive Pt owl ty)

tits-

III II
Total

.14 4 3 8

.13 3 3_ 9 8

.12 1= 1 8

.11 s S
Infants s 8

Brown ctincludes, lifter-Considering all his_exidenee_and not just the
small _amount reported here. that an understanding of the_propeftie:_z of
the natural numbers develops gradually for most pupils up to eleven years
of age. The paper-and-pencil tests are, so to speako more rig-orous device
than the individual work...with concrete materials for testing-understanding
with regard to exaniples and closely related none-xamples. Using specifi
examples (e.g., x -3t X 211--- 4 X-(3 X 211_ ttith concrete materials,
Brown considers that understanding is readied at the following ages:
closure at seven, identity at seven to eight, count utativity at eight -to nine,
associativity at eight to nine, and_distributivity at ten to eleven_years.

However. there are points to watch. In B.owns children's per--
formanee can be advanced or retarded up-to four years compared with-the

-norm. depending on the child; pupils can be at a preoperational Stage in
some tasks_ and operatiotial in others; also the child achieyes the opera-
tional stage with regard to all the properties tested at the earliest at about
nine years of age. -Moreover, an understanding of the nonexamples of the
properties may he delayed for one to two years compared with -under-
standing examplesat least for most -pupils. While the rclati difficulty
of the items may he the same for other samples. the actual level of per
formance may be better or Worse at any -age level.
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EQUALIZATION OF DIFFERENCES:
COMBJNINO OF ODDS AND EVENS

I-now turn to-discuss a little of the work of G. A. Millington (1967).

Sample

Five boys and five girls were drawn from each of the year groups 6,7.8,
9, and 10 of a British primary school. The I.Q.'s of the pupils ranged from
95 to 106, so that one can-say that as far as measured intelligence is
concerned they could be described as of average__ ability. The parents of
thespupils Were .mainly_Skilled and semiskilled artisans who were, on the
whole. interested in_ the_ ir children's well-behig. although teaching at home
was-unusual.

The tests

NVillington's work a large number of tests were given. some of which
were paper-and-pencil tests and do not concern-us. But five tasks were
adininistered individually on Piagetian lines. Of-these I would _like to-
mention one and describe two in detail. Incidentally. the battery of tests
was also administered to a _sample of educationally subnormal. special
school (school - educable retarded pupils of chronological age twelve to
sixteen years and mental age six years five months to eleven years seven
months.

..ks in all experimental work of the kind in which we are interested, the
responses to each test have-to be placed in categories accordin6 to the type
of solution offered. The information so derived is then used to establish
criteria relevant to the pattern of answers. In order to check for relia,
bility. scripts marked by one assessor should be remarked by a second.-

Distributire myerty. I wish to say a very little about flie experiment
to test children's understanding of the diStriliutive property before die.-
cussing-the other two experiments-in more detail. It willThe- interesting to
compare Willington's work with that of Brown.

In Willington's-sttidy-twelve boy dolls and twelve girl dolls were used.
Each dell wore a -garment such as a blazer, cardigan, or blouse. Each_
type of garment was of a distinctive design and colour and different only
in the number of buttons that could be removed from the garments as
required.

-Tasks were set for the child which involved comparing, say, five- boys
each wearing three buttons with three girls each wearing three buttons
and two girls each_wearing two buttons. Sonic tasks involved inequality.
But the general character of the tasks can, no doubt, be inferred from this
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=brief description and from the criteria for assessing the !eve! of response.
The following criteria were used to assess the level of pupils' responses:

STAM I. No co:with-ions are-reached other than those based on intuitive
judgments- regarding the numbers of buttonsglobal comparisons.

STAGE II. NUllber is seen as relevant. The number of dolls_ or garments.
as well as the number of buttons_on each, is seen as relevant, and the
totals calcnlated- are for small numbers. But in the -case of larger
numbers intniving. sad', four dolls mrd ten buttons. the subject. reverts
M global comparisons.-

.STiciE Ina'. A still greater reliance is placed on number, and larger nun-
hers can be handled. The child does not revert to global eopariscos.-
although he may say that he did not know.

IIIb7 Number is applied in a relevant way in all situations, al-
though counting rather than multiplication may persist.

STAGE IV. There is accurate use of multiplication throughout.
STAGE V. Differences arc now calculated as variations in the conditions

producing c(1,-,"tv For example, the girl dolls_al'e seen as a single
and equality implicit providing that tit t he total number of girl
dolls is the saline as the total numlicr boy dolltic and (21 all the gar-
lic. dts have the same number of butt,--. Differences are seen as a result

, of one or the other of these conditions-not being met' and -any differ- _---
ences produced are ii'ulated -directly without reference to totals of
buttons.

The retztdt: shown in table 4, which contains the numbers of _pupils
at each stage in each class.

Clam

TABU: 4

qutn('y: M.:. by 4tage
(1)istributiv7, 1'101)(1.11v)

Stage
1' Illb 11 1

Total_
.13 . 6 Y %ItJ2 2, S IIJ1 4 6 10Infant 3 ,10 10Infant 2 5 5 10

The pupils in tine study, especially the older ones. did rather better thain
those in Brown's study if one dares to compare such swab groups at each
age level. The children were, of course, drawn from different although
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might be. say, 9, 3262 and 20. Any method-could be us,,1 for equalizing
the groups except that of aligning the members in rows.

STEP 5. Here five groups of briclis of unequl size were used, the number
of members being, say, 20, 1, 11, 7, and 21. The procedure was the sameas for Step 4. When the pupil had solved this problem, the- experi-
menter removed five of the bricks and rearranged the remaining fifty-five bricks into five unequal r6upS.

Question 4. "Could you_do-it--(this second problem) in any -otherwav?"
Regardless of the method of solution adopted by the subject, the ex-
perimenter rearranged the bricks and made another set_ of fiv6unequal
groups comprising fifty bricks in all.

Question 5. "Could you tell me how many bricks you would put into
each group if you_ wanted to make thew all the same?"

The pupil was not permitted to manipulatc; the bricks physically, but
he could count them if he wished.

The following criteria were used to assess the level of pupils' responses:__
STAGE I. Trial-and-error forms of behavior are used to arrive at a, solu-

tier' to-the problem. Intuitive correspondence is made by trial -and-
error movement followed by counting. Or the child _may make two
groups each numerieall:: equal to the smaller group and then distribute
the surplus members. kNumerically equal groups are sometimes mis-
takenlv_adjusteck--and-iroups that are approximately equal, numeri-
cally, arc accepted as equal. The numerical equivalence of equal groups
is not conserved when the groups are rearranged in spatially tontrasting
forms.-

STAGE,- II. A more analytic approach is in evidence. One-to-one cor-
respondence can be established with lasting equivalence. Another
technique used is that of accumulating all the members of the groups ---and then _redistributing them.

e
STAGE IIIa. There is a progressive-ability to equalize by counting or by

the use of groups of arbitrary size to begin with. The general approach
is to equalize the two smallest groups by qounting, then :o take the
group next in size and equalize all three, and so on to four groups.
Another approach is to adjust up to four groups so that they have the
same- number of members and then redistribute the surplus bricks, one
tTeach frouplio turn,-

STAGE Mb. There is progressive equalization of groups by counting or
by the use of groups of arbitrary size up to five-groups. Pupils' at this
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stage are marked by their increased self- insurance and speed of work-
-big. coupled with the ability to solve all the problems presented.

STAnCi'V. A nonenipirie1 approach can be suggested by the pupils,
through totalling and divisi-ok._

The results arc shown in table 5. which contains the numbers of pupils
at each stage in each class.

s

TABLE 5

Fiequener: Class by Stage
(Equalization of 1)iffetenees)

Clims
Stage

Tatal
Illb I // {t 11 1

.13 10 10

6 4 10

.11 3 10

Infant 3 3 10

Infant 2 4 3 3 10

Adjustment and combination of odd and even-numbers. For the-sake
of clarity this task will be divided into two parts. It is an example of an
involved task nece.s,ary to get at the facts. I hope you will norflild the
details tedious.

The materials for the first part consisted of

1. 120 marbles ;me

2. 18 small cardboard bacer Niv thout lids
3. An odds-and-evens board that had two rows of 10 hollows aligned

in pairs along its length and a single-hollow-set apait in the center
of the board at one end (see fig. 11

1-1-1-7-1T-0___- 0 00_000000

0 0 0-0=0.00000
Fig. 1

The metlrod-used for the first part began with eighteen boxes laid out
on the table in front of the child. They contained one to eighteen marbles
respectively. By examining the boxes the child was encouraged to find
out how manv marbles were in the first, second, and ',bird boxes and was
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asked to predict, how many marbles would be in- the fifth. sixth, seventh.
and eighth boxes, and then how many in the eighteenth box. When cor-
rect, he was asked how many marbles would be in boxes seventeen. six-
teen, and fifteen; when these question; were answered satisfactorily,-he
was-asked how Many there-would be in boxes thirteen, eleven. and nine.

The child war, then shown the odds-and-evens board:-Tlic marbles from
box six were divided equally by the pupil by using the board and aligning
the marbles in the two rors of hollows. The experimenter asked.

"Are the two rows of marbles- the same?"
-When this was agreed to by the child, the experimenter said.

"The rows are even so we say that six is an even number."
The marbles from the second and fifth boxes were dealt with similarly.
In the latter instance the odd marble had to be placed by the child in the
single hollow at the end of the board. The experimenter added. "Five (or
whatever odd (lumber was being discussed) _isan odd number because
there is an odd marble left over." When -odd and even numbers could 1)
discriminated by the pupil, the first steps were introduced:

STEP 1. The child was asked about 9.9 1, 9 + 1; also 6, 6 1. 6 ± 1.
The subject was asked to locate ne box holding 9 marbles and to

show the number to he odd or even. After doing so the child returned
the box to its proper position but left it protruding by an inch or so
in order that he did not lose sight of it. The experimenter then -indi-
cated the adjacent box a pace loWerin the row and asked, "Are the
marbles in this box edd or even?" The board was used by the pupil if
he needed it. or_ if he wished to confirm his pre(,ict ion. and the boy was
returned to its position in the row. This procedure was followed again
after the experimenter chose the other number, adjacent to the spec ified
number a place above-, in the row. After repeating the procedure
for 6, 6 1, 6 -1- 1, it was continued for 8, 8 2, 8 + 2 and 13.-
13 2.

6rEp 2. This step was intended to ascertain if a child could judge related
numbers odd. or even, once a specified number was so classified. For
example:

5. 5 2. 5 + 1
12. 1:) + 2, 12 = 1
.7. + 2. 7 -2
10. 10 1. 10 + 2

The pupil was asked to locate a specified number and decide if it was
odd or even the was encouraged to use the odds-and-evens board), and
the box was then returned to the line of boxes and left protruding. After
the board had been removed, the experimenter indicated anotheit box
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one or two places to the left or right of the former one and asked:

-Is the number of marbles in this box odd or even?"

This forced the pupii to make a prediction that he could not verify.
After the- box had bee- replaced in the row. a second 'related box was
indi'ated for the child's consideration.

The materials for the second part consisted of:
1. Ten wooden tubes of varied length.eachhokling a single row of

marbles. But they were accurately cut in length so that each held
:um exact number of marbleshalf held an odd mber and luilf an
even number, with a minimum value of 5 and a maSit ann of 16.

_ A funnel stand with which to fill the wooden tubes with marbles.
3. A marble chute into which the contents of the wooden tubes could

be transferred without revealing the number of marbles in volved
(see fig. 2). The marbles formed a single row along a channel of
square cross section, the shoulders of which were accurately _marked
with an internal scale double' the diameter_of-a-tuarble. A remov-
able sliding top allowed the subject to see if the extremity of a row

-
of marbles coincided with a graduation on the sea-le yet prevented
him from counting the number of marbles. A short length of wood
that slid into the chute facilitated the reading of ,the scale.

4. Four opaque tumblers

Wood to facilitan7
reading of scale

I Sliding top

Fig. 2

The method for the second pail of the task began with the experimenter
asking the ehild_to-fill a tube with marbles using_the=funnel, to test that
the-tube was full, and to empty the marbles into a tumider. The proce-
dure was reiwated using a second tumbler but the same tube.

-Which of_these tumblers has more marbles?"

If the number of marbles was consceved, the subj, skiwn the
marble chute with the cover removed and the_experh -deinnnstrated

its use. The- Add was asked to place :my number of marbles in the ci ; to
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either from the board or from .a box, the block of wood being inserted to
show more clearly whether or not the end of a row of mai bles coincided
with a graduation on the -scale. When a judgment had been made, other
odd and even numbers of marble_ were similarly considered. On each
occasion the pupil was asked:

"Is the end of the row opposite one of these marks?
Providing the subject could differentiate odd and even numbers in this
way, he was ready for the next step.

-STEP 3a. This dealt with odd 1 and odd + I. The cover was slid into
the closed position and the child assisted in filling a tube delivering odd
numbers of marbles,- using_a funnel, and then in transferring these to
the marble chute; the cover v.-as left so that the last two marbles were
visible. .

"Although we do not know the number of these_ marbles. is it an odd
or even number?"

If the child's answer was correct,. the marbles were released into an
opaque tumbler which was immediately covered. The subject was
asked:

"Is this umber odd or even?"

After one marble was taken from the tumbler. this question was'Ie-
peated. If the pupil wished to return the marbles to the marble chute
to verify his reply, it was done by the experimenter so that the former
could not discover the precise limbo of marbles.

STKP 31J, Using-tubes delivering even numbers. the child was tested for
even 1 and even + 1.

STEP 4. The procedures of step 3 were tied to test odd + 2. odd t 2.
even + 2. and even 2.

6TEP 5. Wooden tubes were filled with marble.. the latter delivered to
the-marble chute. and the former thus classihetl ar. holding an odd or
even number. Two tumblers were given unknown odd numbers. two
others unknown even numbers, and they were placed to the left and right
of the table respectively. The marbles in the Rams were transferred to
the appropriate tumblers. always ensuring that a tumbler was empty
befog marbles were again placed in it. The experimenter selected 1.
tumbler and asked:

"Is the number of marbles in this tumbler odd or even?"
If the corn answer was given another quest an was asked:

"If-yon added one more marble, what kind of number would it be-
comeodd or even?"
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PETEr DODWELL

Children's Perception
and rrheir Understanding

of Geometrical Ideas

Some years ago I attempted to find out how firm the empirical base was
for the statements Piaget makes about ehildren's understanding of
geometry and spatial relations Modwell 1963; Piaget and Inhelder 19561.
The results of my enquiry were not too en = ging-, and it was not pur-
sued mether. Indeed. very little attention :las beer paid to children's
perception and their 5cometrical notions by psyeloiogistS caught up in
the Piggetia revolution of the past decade. This neglect isthe -ntore
surprising when one vonsiders. beyond Piaget's own interest in the field.
in) that perception is one of tin major fields of general psychological
researeh, in whit 1 important advances have oecnrred in recent _years,
lb) that inulerstanding of geometrical and other spatial Concepts is see -
ingly intinttely bound up with both perceptual _and intellectual develop-
ment. and ICJ that this "interface" between pi=leption and cognition is
a major field of epistemological enquiry and has recently re-engaged the
interest of certain experimental p.,vehologists (see, for example. seisser
19671.

Rather than reviewing research on gemetrial concepts from the
Piagetian point of view, I shall indicate briefly some of my findings which
tend to cas,t doubt on the traditional Piagetian theory, then consider that
theory in relation to '`oine of the recent advances in the psychology of
permit-Ion. In particular I shall he concerned with discoveries and
theories to do with perceptual coding, and also with a general trend in the
field which may he termed the New Nativism. WhafTienriiig might these
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new ideas have on the understanding of geometrical concepts? Can the
'Piagetian contributions add anything to the recent major developments
in the field of perception? A case can be made for saying that those
developments have been very one-sided, and that the Piagetian point of
view might supply sole much-needed balance. Juxtaposing the two
differebt conception of perception can perhaps lead to sonic fruitful ave-
nues of exploration into the development of perception in children. and
especially into the-ways in which this gevelopment inter-relates-with the
growth of geometrical intuition and understanding.

Thus, rather than beat once again the Piagetian drum. I shall try to
build some bridges between the Genevan school's point of view and other
positions in cognitive psychology. In doing this. I shall argue that there;
is a valid distinction to be drawn between the apprehension. or discrimim-
tion, of forms and objects, and the understanding of their nature--or the
conception of space and spatial relations. The weaknesses in modern
perceptual theory_ come about largely through failure to ~observe this
distinction. A noteworthy characteristic of the Piagetian movement is its
heavy emphasis on the operational, or constructive,,aspect of -cognitive
and perceptual functioning: hence the possibility of fruit fal confluence
of the two :treain of thought..

EVIDENCE FOR PGET1.N BEIIAVIOR
%yin' RESPECT To- Gno-..» ETit tem. (fentt.vrioxs

Piaget' notion that the development of geometrical concepts in eLil-
dren follows an anti-hitor:caa order is probably familiar to most readers.
The notion is that. wlkreas historically the earliest geomett ical operations
were developed to deal with practicallyoblems of terrestrial mensuration
and hence had a Eaclidean character, the child only arrives at the eon-
eepts of similarity, congruence. and proportion after it long process of
developing these refined concepts from more global, or general, ideas
ignIt spatial relations. Historically. the development has been from the
particular. mca.snrement-bound, practical "real world" geometry to the
more general. abstroct. auc. non - metrical relationships found in projective
geometry and ultiniately in topology. For the child, aceor(Ii»g to Piaget,
the earliest and easiest spatial relations to grasp tin a very intuitive way)
are those concerned with general features such as contiguity. neighbour-
hood, closed contour, and so onthat is, topological features. Subse-
quently ideas of per;pective and "point of vie"-contingent relations
appeal. And finally the highly specific. aml elaborate set of spat ial'operal
Lions that define Euclidean space 'start to emerge. As is usual in the
Piagetian scheme of things, these developments are held to occur through
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the ageney of the child's own active exploration of. and interaction with.
its environment (Piaget and Infielder 1956,

What evidence is there that the emergence of spatial concepts is as
regular. or follows as rigid-a coursy. as this sort of theory requires? My
own hivestigations led me to conchlde that Piaget gives.an oversimplified
account of this aspect of cognit5 ve-71e(Tlopment. The sorts of behavior
describe,: in his book ( Piagerand Inhelder 1956) certainly can be ob-
served in children of roughly the appropriate age, but there seems to be
little coherent, pattern of emergence. Thus, it is not uncommon to find
children in the early school years who will give adequate "Euclidean"
ansters to some questions about similarity and proportion yet, in other
respects be still at the global, or topological, stage. I shall not attept-to
document the matter here, as_ this has been -done quite-thoughly else
where. The point is not so much that Piaget is necessarily wrong in his
theoretical pronouncements as that the child's cognitive growth is more
complex than he might lead one believe. There is something quite sat-
isfyingin an intuitive wayabout Piaget's theoritiF, but there is more

real world than in the ivory tower. I have suggested else-
Where (e.g.. Dod3vell 1960. 1963) what sonic of the sources of perturbation
might be: special interests. tuition on particular spatial relationships, and
-so forth. seem- to be obvious candidates:- liesearch on these aspects of the
matter is compl-tely lacking.

tr,AND SPATIAL IIELATIONS

An example of the sorts of situation used by Piaget to study the child's
understanding of spatial notions in a manner that goes beyond the mere
discrimination of similaiities and differences is this: the child is shown
a line drawn on a sheet of paper and asked to what will hap:
pen if the line is bisected, one of the halves again bisected, and so on
without limit. A distinction is made between those who think the 06cra-
tion can be performed at no.it a very- few times, those -who see that it can
be continued down to the physical limit dictated by the size of their pencil
point and drawing skill. and those who can conceive of the operation as

being in principle possible without any limit. These are identified as
three :stages in the understanding of -continuity". the last being the
operational. correct. ,t age at least at the concrete level. One might of
course argud whether this constitutes an adequate definition ,of "con-
tinuity- from the mat hematieian's point of view. Rather ,ohviously it
does not. but the point eSIKTially relevant: as a demonstration of
progress in understanding the nature of lines as spatial entities who-
1)101)(111E, extend beyond the ioerely perceptible. the example is illumi-
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nating. In a clear sense the child who understands the possibility of
subdivision without limit has a better grasp of the nature of this aspect

-of spatial relations tan-te child whoi does not.
Another example-of a way in which thetnnigiative. constructive aspect

of understanding geometrical ideas can be explored is the investigation of
children's predictions of the shapes that are generated by cutting a solid
cone in various ways (collie sections). There is a great variety in the
sorts of _prediction children will make. and again Piaget distinguishes
several stages of undersianding.'The- 6int I want to make is that ex-
traordinarily little is known about how children develop the ability to
make these predictions, the extent to which formal instructionor in-

-,/ formal 'xperience--facilit-.es tlf,. process, what role imagery and
language play, and -so Won,_ Almost-certainly these topics merit closer
investigation, and it___Iiiiiy-Iie---poittickAtrthat close adliere_nce- to the
Piagetian categories of relevant responses might not be the best strategy
for such work. For instance; in a -more detailed onalysis of children's
ideas about "continuity" some attention to,the (probably) related no-
tions of compressibility and elasticity might be relevant: and similarly
the study of prediction of conic sections would require ancillary investi-
gation -of ideaS about solidity, invariance of shape under various trans-

:- formatious -(translation, rotation, reflection), and so on.
I am suggesting that there is here a wealth of interesting topics for

d;bate and empirical research which psychologists have not as yet taken
up. Mathematicians interested in better methods of teaching geometry
tend to ignore them too. although tmany fine suggestions for improving
the geometry syllabus have appead in recent years (e.g., Elliott,
AlaLean, and orden 1968). Dienes is an outstanding exponent of the
intaginative introduction of advanced geometrical concepts in a simple,
practical way and at an early age (Dienes and Golding 1967) ; but again.
there is little to show that research has demonstrxted the effectiveness of
thf-se methods in developing spatial comprehension. In a related field we
have found almo:t no evidence that araully constructed programs of
instruction in arithmeti raise the level of comprehension or competence
above that attained by the traditional methods of instruction (Spears and
Dodweil I97W. o there is plenty of scope here for more research at both
a theoretical and a more practical level.

SOME IlEcEs FINDINos is PERCEPTION

Potential contributions from the Piagetian point of view to the im-
provement of geometry teaching are so far quite meagre. I turn now to
consider how recent evidence froin the experimental investigation of
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perception may be relevant, tc, our general concern with the derstanding
of spatial concepts, and geometrical ideas in particular. There has been,
in the last decade or so, a significant resurgence of interest in the topics
of-visual pattern recognition, the perception of objects and space, and in
the nature of perceptual learning and development. iSeveral new sources
of knowledge and some- newly stated theoretical, positions contributed to
this development, not least of which was the perfection of methods for
recording the activity of individual neural cells in the intact visual sys-
tem. From the theoretical side, a number of new ideas on sensory coding,
and especially contour and pattern- coding, added impetus to the new
interest in visual space. These developments have been- mviewed in detail
elsewheie (Dodwell-19.7_91;_bere I shall justmention some of the salient
featureS. .

The most spectacular findings from individual cell recording in the
visual system--come from inestigations of the responses of MIS iif-the
visual areas of the mammalian brain cortex. Electrical responses can be
evoked from such cells by stimulating it particular part of the sensory
surface (the retina of the eye) with patterned light. Each cell responds
only to stimulation of a circumscribed part of the retina, called its recep-
tive field, and to a- particularpa_tteru. of stimulation.: This in itself is
surprising, since the neural connections at various levels of the system,
:and particularly within the brain. are so intricate and complicated that
onelnight well suppose that no simple mapping from retinal stitnidation
to cortical response could be found. But in fact single cortical cells do
respond quite selectively to well-defined features, and the features are
always Straight line segments in a particular orientation. Thus some cells
respond to horizontal lines, some to vertical, and othc ,. to lines in other
orientations. There is a hierarchy of-cell types. some responding to lines

-in a.fixedposition and orientation, some to lines in it_fixed orientation but
over a range of positions; some,-the so-called bypercomplex units, respond
best to lines of a particular length and moving-in a particular direction.
The main point is that we have here an elaborate and refined system for
ceding:contour eleinents which is present in its main essentials at birth

--and must therefore be "built in" as a majo feature of the visual system
(Hubei and Wiese! 1962, 1963): The main evidence for such a coding
system comes from Studies of cats and monkeys, but there is good reason_
to suppose that very similar systems: operate in all mammals, including
man.

A rather different line of enquiry stems from the age-old problem of
stimulus: equivalence: how can it be-tliat--a pattern is categorized, rec-

.

ognized in a particular way despite the fact that on different occasions
it appears in different spatial orientations and locations, and excites
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different sets-of receptors? Various attempts to solve this problem have
been made, perhaps the most rigorous Ina& being those stemming front
the ideas of Deutscli;(1955). Interestingly enough, these models show
remarkable- convergence with the neurophysiological findings mentioned
ab-ove, and are also eosely rellifed to some of the more successful schemes
for-pattern recognition by machine (see, e.g., Uhr 19(16).

Although there is wide agreement about the fact that in highly devel-
oped visual systemg- there is an elaborate, innate, primary detector
system for contour elements (also undoubtedly for other sensory attri=
bates such--as eolor,-but these are not our present concern). there has been
considerable disagreement about_ the nature and scope of perceptual
learning. On the onflnid=there is a mass of tevidenee, inspired initially
by the work of K. S.-Lashley and D. 0. Hebb, deinonstrating that experi-
ence plays-a-major role in the development of-tiorthal perceptualabilities
in the_ higher mammals and man 4e.g., Hebb 1949;__-Riesen and Aarons
1959; Held and I-kin 1963). On thenther hand thereare theorists, particu-
larly ,l. J-.__Gibson (1966), who argue that the- nature of perceptual
le:timing is always analytic. never synthetic. and that perception can be
fully understood in terms of the global and complex analysis of sensory
inputs. On_ this view. perceptual learning-is simply a profess of -refining
the discrimination amI labelling of already existing categories. E. J.
Gibson (19691 has_reeently extended-these ideagand interpreted a great
deal of the existing experimental literature in terms of them.

THE NEW NATivism

It is the Gibsonian view, reinforced-by the inetcasing knowledge about
sensory analyzers at the neurophysiological level, which I would term the,
New Nativism. The neurophysiological findii-g-§, do not force one to a

,t.Nativistic position, since the sorts of coding and analysis so far discovered
(lave -been basically simple, and far removed from what we understand
as object and space perception:- The detection of pattern elementsdoes
not itself constitute a system for the recognition of whiffle patterns, or
Gestalten, and there is still scope here-fo the operation of a mechanism
of synthetic. or constructive. perceptual learning. Yet, according to the
New Nativism. every sort of perceptual learning is concerned only with'
liner discrimination. more exact detection of the tinctions between
different stimulus patterns: as J. .1. Gibson puts it, the role of perceptual
learning is to bring perception more and more into correspondence with
stimulation. not to build new perceptualt and cognitive categories:

This is a highly "stimulus bound" view of perception, and Seems not to
accord wit4a what we know about the perceptual foundations of cognition.
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For example, learning to read does not consist-in learning to discriminate
between all the different typefaces that might be used to print a book,
let alone all the varieties of handwriting that are possible! Yet it is
difficult to -see what other position the Gilisonian View, strictly interpreted.
could leadJo._ So we can say that one_problem for The New Nativism is
that it tends to disrupt that intimate connection between perception, and
cognitive-intellectual -activities which_ has been a -major cornerstone of
empiricist them ies of factual- knowledge among_ both philosbOers ands
psychologists. Clearly, on such a view it would be difficult to discover a
fruitful- ink -between perception and formal or abstract geometry.

One important - aspect of-the New -Nativism is the extensive research-On
pattern perception in neonates and_ very young infants which it has en:
gendered, much= of its summarised -by _Gibson (1969); According=to_ the
tontmon interpretation of -such-firidings, evidence that a very young child
can discriminate between patterns is evidence for -an innate processing
mechanism. Apart froM some severe reservations about the quality- of
such evidencedifficulty in replication, contradictory findings, -rise of in-
fants several months -old lin which ease there wouldliave been extensive
opportunities for perceptual learning)=one_ may point out that it proves
-far less than the proponents of Nativism may claim._ Take, for example,
experiMents on "looming". In such experiments the observer is faced;
typically, with a green on which a shadow- is cast..13y one means or
another the shadow is _made to grow rapidly in size and evokes a "startle"
response from the observer. Obviously the situation is-analbgous -to one
in vhich-a solid, object rapidly approatheithe observer, in which case
startle and/or avoidance would be appropriate-and adaptive. Very -young
infants have been shown to make such responses-to looming shadows
t e.g., 13bwer 1969). and this is correctly interpreted as demonstrating
their ability to respond to a complex optical array and its changes over
time. However, the temptation is strong to attribute to- this situation
more than is warranted: A more-or-les$ reflexive responSe to an optical
array tells us what the organism is capable of responding to, not what it
understands. The point is made clearly by -pointing out that the young
of ground-nesting birds will make an appropriate ="startle and freeze"
response to a crude cardboard model of a haWk (short neck, long tail)
passed over their heads. If the direction of movement is reversed, so that
the model is more like a goose t long neck, short tail), no startle response
is evoked. The interpretation is that in one direction of Motion the model,
shares certain critical (sign stimuluS' according to Tinbergen 1951) fea-
tures with a 'noting hawk, and the response to these features is innate.
It can well be -argued that 1:sponses of infants to looming_shadows are
evidence that they.too demonstrate the sorts of "elicited" response studied
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by ethologists in lower forms of life. rather than that they have an innate
grasp of object perception and spatial- relations.

GEOMETRY )NJ) PERCEPTION._

Just as learning to read is more than merely learning to disdriminate
between different letters, so too learnhig-to perceive-is more than learning
to discern particular features in the visual world. Learning to read in-
volves learning how words, sentences, and paragraphs convey information
at a high level of ab4raetion.- Just so, perception can involve forms of-
cognition Which transcend the simple analysis of information".
Were this not so, geometrY-AS a mathematical discipline mould 1e entirely
divorced from the -geometry-of perceited objects. It -is true- that, at-a
certain level,_ the treatment of geometrical operations bears little obvious
relationship to the spatial Was and intuitions on which those operations
were originally based. At the same time, however, I think that most=

_mathematicians-- and cognitive psychologists would- agree that the per-
ceptual substrate of geOmettyis real 'enough. -At least so far-as children's
understanding of geometry is concerned-, toe first steps-certainly are taken
within the context of concrete, Perceptible objects and drawings. It is
very much to Piaget's credit that he has attempted to explore in a variety
of ways -this borderland between perception and cognition, a task that
rather few other psychologists -have essayed:

To show clearly--how closely percepttial questions are tied in with the
development of geometrical ideas and operations, we may consider the
clue Iron of symmetry. In one _sense symmetry can be a simple perceptual
phenomenon; yet can it be pitrely perceptual? Perhaps there is no sensi-
ble answer to that question, but at least we can -sathat the detection of
symmetry in a vistrztl-pattern citinre zwcomplished without any elaborate
linguistic or conceptual tools. For example, children might be taught the
idea by ostensive definition. sorting patterns into different categories ac-
cording to symmetry. and sty-or.. But how are questions to do with the
detection of symmetry relater( -to flit concept of symmetry'? Obviously
detection does not exhaust the topic: we might. for instance-, want to
know under which types of- tranSformation mmetry is preserved; there

-are abstract instances of symmetry tin logical or arithmetical relations,
for example) which- have no perceptual referent. So. the initial appre-
hension-of the notion of symmetry may be through perceptual instances.
through learning to detect particular features in visual patterns, but few
of us would argue that this is- all -it is. How does the general notion
develop? What linguistic and manipulative skills are necessary and stiff'-
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dent conditions- for its acquisition? Which ones are-even relevant? We
do not know.

We might guess that the simplest forests of perceived symmetry (let.
us say, aboht horizontal or vertical axest are inbuilt and a function of
some coding operations; in this craletion it is interesting to _note that
mirror-image confusions are common among children and also can bcr
observed in discrimination learning-in animals at many phyleti levels:
To grasp the lull possibilities, however._ requires more than coding
analytic discrimination learning. of synthesis are needed?
What is the-relevant border- between perception and operation, or

_"eopition?
whM was said earlier about the-New NativiSin, it- should be clear

-Allay this type of perceptual-theory is unlikely to supply answers to the
problem. Simply-pointing to that fact _might-do something toircdress the
suggested imbalance itt -recent perceptual theory, but-helps-us--not all
to answer -the questions posed at the end. of -the previous paragraph.
Piaget's own store strictly perceptual =work (Piaget 196Si _is perhaps
eloSer= to the mark, but -again fails to show convincingly how the dis-
crimination of pattern and spatial attributes is connected with 'cogni-
tivev_space or with kcometrical concepts. The treatment of geometr;cal
ideas (Piaget and jaelder 1956) is _really_ an exploration of this
"cognitive" space, and-gives fascinating glimpses of-the sorts of difficulty
children have in elaborating but again it does not adequately relate
the perecatuar basis to -tire me space which develops froit Nor does it
dcal-specikally with the constraints that perceptual coding might place
on this_deVelopment. The-special roles of language and symbolism, the
nntecedent conditions necessary for the development of spatial under-
standing and imagination., and so forth,-are sindlarly not dealt-with. it is
a remarkable fail that, whereas a good deal of work has been done on
the nature of conservation and the training conditions that affect it (see
Beilites res sew above, p.-8.5 ff.t.-nothing similar has been done for the
equally acute and interesting topics of geometry and spatial relations.

Coxchestox

'there is no extensive literature in the Piagetian tradition on geometry
and spatial concepts to review, no hotly debated issues at eithei the
theoretic:1111r the experimental level on Which to make judgements. To
,a rem:likable degree this field has been neglected in the flood of experi-
mental ayalses on= cognitive development of recent years. So my en-
deavour has been to show how unjustified such neglect is, to see where
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_research_ might yield a valuable harvest rapidly, and to point but-how
relevant such work-woultrbe, both in throwineurther light on the intel-
lectual functions that concern-us- here and-in --redressing a certain im-
balance currently to be observed in the field of perceptual theory. _

these polemics may not be of immediate use to the mathematics
educator, but one hopes they may provide the stimulus to further thought
and research on the important question of geoinetrical imagination and

_understanding.
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-KENNETH -,LOVELL

Some Studies Involving Spatial- Ideas

Tlii =is the only tall I= vi ngrileyotcd-to work-In -the :spatial ifield;- f=
sha ll= anew& threCt _First,Twatit_40akeljustrit_w_ti -Ol_a=number-of-E-r
Ltsks receirtlyr_--given-to-pupils--a_:elementar-schoohtge tmci- lcll =ot the
:results -hrisinn6-idetaill-o=illustrate_thenature- of the-respoff:_.-6--iinede- _

p-npils--and_ the:gages-in -thinking-,found. lifTtione--_or other talks 46-1-
Bite-muthinsfbe`W#_ol--examples:Of -protricels.--Beeause- this ri$-not-ani

_

experimentsreported---by
tohelp you-set-tip-your own interviovlechnigtws-and:atialyse-the,restilts
-you-obtain. SeconilTivanttoiniention--dta-sit-refertedto in-another:of-HT __

talks, -_v hich wa:_-z-tiF:ed=by Lunzer,=in order-toilreingTotit7differences-ibetw-eeni--

concrete- and-formitlioperational thought incthe-tipittiaLfiuld and=to-throw
light on an iri:_zue_ wdl-recognised by-cid-nen( afy- school teachers, that

-pupils-conftisc,perimeter and-zirea. Third-. 1,_want-toillustrate.--by- taking
an-example from the spatial field.-that inatlietnatitztliidezts are dependent-
on the growth of schemes, whichthemselves_eVolve because of their own
inherent functioning throilgt the-spontaneons- cNperiences and actions of
the child.- =_

AREA

The task involved the use and Manipulation of measuring-instruments,
leading=to the comparison of the areas of two -.11.me= that differed mark-

appearance.' -

;
Material& These consisted of a bl.te square-of side 8 inelles. and an

orange rectangle 16 incites by 4 inches. -The measuring instruments were_

. _

1. The till y Wag by= MD.:. M. Callieri,
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-=_ eight-small, green. right-angled triangles. each being one half of -a rec-
tangle. 4_ inches by 2-inches. cut diagonally. tSee- fig. -I-A, There were
obviously insufficient of-theSe to cover, entirely. one:of the larger figures;

fib
.

:-Teachenkselected-_-fifteciiiiiwils-:fibiir-:eaelijoEthe-:-Ag6tfoittis- _

uh, _ -111 it d rtogi v ei a rep reicifat verwi-iseclionEiw_

rni$v1-

h ability at
-------- =

_-nomi-c_areaAboutLotiequ-quarter -S=_etpue_-,froni-=profeS.si-onakor
-----seimprofessional=honies-.:With-ithe---remaindecoining:Jr-onf _

=

I irmiestiOngiposettare-noir=indicated-althottgliitinust
elearthatsuppleirtottairineStions e_re-,itSkeiLin=orde-r--Itorclarify_

soine_i)oint_or--=W Ott-Ciliate; f the-= nki

-"-Iterelsatiother-gaine,forrusito_--play,--LOokfaLthis'_Orange-shape-ond
this filuo =one: - 11'li't_c}s _of = thCttto leas tear space "'

'`If -both -were fields, ich _-_would= ve--ittore _grass?"
smallz_green-r_tileSltelp-you=to;finil-outr_.

If so far- withthe n points out that there are
not enough

tiles-have you -put on
"Can-yonAile-the_rest of it?"

The questioning then-takeS;rather different=forms-aceerdingAo the answer
-- given-. lithe child is-_unable-te Makesany suggestioni say -

= "How many tileS-do you- think You= need- to= cover th-e---whole of the
piece?"

-"Whv do you say that?"
If the subject says that half is covered and that he will need eight more
small green tiles, say:

"How do you -know you have coverei half?"
"Is there any way in which you can preye it?"
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=If, -however, -the-child replies to the question `-"Can_ you-tile the rest of
it?" by saying that lie -can do -.51) then say: _

:_

`'How can you do_ that When yau-haveno more- tiles ? "

-11--heisimply pushes-the Whole- of the tiles across, ene-imasSe. without at- j _==
tempting-to mark the-Wonmtar3_-_-of tliepart that wiszoriginally-tiled,say:-_

do you knothattliese-are=covtringAlle=space that -was empty
"ore?_;bef

-There-inustbe,somedefinitestrategyemployed-by:the subject show-
that he_iS--fully-_aware--thatl-the tiles'-Will=_-cover'-onlY7oni=half- of either-_ _

Jarger4fignan trioir er x
nangleithqenitis _sthite-; ornro era um gne le

ij =eoVeied-oneTha o nf n w_conclusive y tlet

STAC.T. ifilent$,-ate;haseiUbbsiffiple:- ifittution4ndn_percOtion.-Evensi: =

atteniPttd: reitlief_Antable_ito,Manipulate-theAileT
successftill--y=-Aliey-tile-=Witliont,tigersfanding=-Whwth-eys74ir doing
T hosenth o-_dot ile_are_nip itebed_R b y ith e faa ltiatthereare insuficient
ti lesAo-cover_ -the-whole;=as- would heexpected;=_since tbey-,attachT,noi
signifi-canck-ito=th-cr-iteuvf=tilingnieyr_itswilly_nyiewsnitlly- that ithere

_-fir-e_not_enough-tiles,-andfwhetr-askeit again-r-whicli=has-intore-rsPaee,they
mpeat-their-_original intuitive- judgment.

_

tPointitg--to-thes qintr6=:_
B.C.-- "Tt'S mere:- zs-qpit-rey".- =

(5-.4)-f-"Pec_ituse_O-Ionger"

i.L15.0)::"Beeanse it'-big-,=likeddoor"(pointing to:thereetangle).
C.B:- t6.6):-"Becauseit's-taller",-

None of th-e subjects at this stage= volunteered to use the small =green
tiles. When prompted to do so they obligingly tried; but most-spread
then: out haphazardly over the large shape.

RI. 0.0): "They all go on different shapes".
t5.11 can't put them on, they don't lit together",
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J.F. (7.2): "These are =hard ones to- put on. they all have different-
edges".

Those children-who-attempted-to tile_did so until iltex-had-used-all eight
then-said. typically: _=.

'L haven't enough=tiles,_1:ean't-dotir.
(6.11 l :- '1No ebotl-, =no _more?.

t7.81-: -There are_only eight tiles.: Yow eatt!t_ do- anything-_

tere7arezo

tictheseiht nit -e._! tack,
= going =to--witlitthesellittlegreewones-

T:C: eaAlithin now.howz___

to =ft___1-d=otttft ciul-usetliese---green=ones
. o;ohliotlr:

_

` Non.- I don'--what "'Ate_ fily=ftot.--- eight.
thontht:if ljeovereckthenuboth_-withi etkile.sf=antLthey_--lioth_-_= had

-the Satneinuniberow.-=thertztlied,hotidia-VethenSaitteiPace
CB. t8.21:1-There=arentetiotigh:tiles..±4AtetZkiicini,==Whatto---do'-

T- he experimenterthen asked±e33._if=_Ifeeottlit=sayiltoWiniim.=mdreitilcs -=_-

wouldiv-needed,to- cover -tilrof --the
_

No bee:tuee there aren't-enough'',

STAGE-III-A..=__When the tile-s. were all--useil;Inipils_iat this stage declared
-that they would tieed-:another eight to-fi_nislt itiling -the-square- or-_ree,
tangle.--They were :ell sure (if-this-and- equally-sure-of- tl--Ontility of ---
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the-spaces in the- tWo-shapesibuLthey were unable to prove that -the
part tOrbe covered was iii fact one-half of-the whole shape.- _

-C.C. (6.11): "They both-have the saine".- _
,

Experimenter: 'Did- those green _tiles help you?'
"Yes.'cos Ilia_ eight here- and I wanted another eight-. -an =

-_-1__put-eight-here_Tand_I wanted_ another-CI-gilt". =

Experimenter 'llow-do- you k-ntnv _yote-wanted-anothereight?"
"BeeanSeit!sTEthe same as the -other

Experimenter: -"Iti-iherb any- wav_ you_ran---show me-les-Alm same-as
--=

1:catiiS=e&i e_other a

A- =further tftsk

=Another- oFthezipa!*tas_4sEgiven--to_Ahese:iubjetts-Ils now-=briefly-men,
tioned:-=-The results =suggest some= omissions th-e-teitchin-gc

in---thislaski-theeight-;_fiffand=t-en=YearoldS-werelnterVioved-indi-T
Vidtfal -iitbifor-e-bufafter__cach=hast=--earried-oualieltaSk juStr_described-.-

=_ Each- pupit--was presentelt_with -the-8=incksblue sqUare,-=thorange
tangle -ineasurin1-67inclies-by- +Jack:4; a-foot ruler. and:.
piece of -ear-d- measuring ---1= inches by inch. Time teachers -concerned-

- = claimed that allthesepnpits--"had met the procedure of- fihding- the -area-
of- a_square:or rectargleuSing,arnler andinultiplyingthelfuniberW =units
of length-by- the number of Alte=saine -kindsof units-of breadth';

There=was-at-first a dimssion with each subject to enstweltbathe-knew
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the meaning of the word area. The experimenter then said.-"Ifl give you -the orange piece-, the blue piece, and this ruler: can you tell me-what is thearea of this piece?" Nothing further was said to the subject. t--being,-
expected that -those could do _so would measure tht, lengthS of the
sides and-_express the area of each-figure-as 64 square=

To_each child, whether or not he could =accomplish:the task using the
ruler, the-experimenter then put these questions

"Must area_alWays-,be measured in-Square iticheS?"-
"W-ould you Measure the area of aTfootball -field_in_ square inches?"
"What would_ a,better7hilit-for -measu-ring-the area of a field?"--

would= , -yOn_luSe W-give Alteiarea,di-ith-6,4,A-0(,-

=''10-w-suppos-e-7yolii=badaiftSCthiS littlespieee-,et card eihdhei=bv,
Mehl ."=COul&17omfinfEtthe-area---61=-11fesmiate--: itd==the=a-reit_oft

--=-rectangle_just,-usinthis -as:aiAneas-ure-?,

The-irtflet-waS ect that he= did,noCknOW
_-=how long the piece of card was, the experinienter replied:

"Does that immatter? Can you use it in sonic way to find the area of

_or,the -figares,fthan=:iff,comparihg=4heir_iareas Whiehargues_in-turnflor-T- -_-
another__look at-theleachiag-these-pupil-slid,eXperieneed:_--silif AliveaSe,-of the eight=year7OldSi seven oftlic-fi ft-ceiLcould-±findithe=arcas-=-Ofthe Shapesusing a rifief. -four -were- aCstage-III13 ih-ebtifpariUg areas-,==-One-was at _a very==goOdrstagellIkand

almOst- at_ -stage-I1143-- Wliile=flfe-other_
two reached:stage IIA.= =in the-4i rst- task: described --but -boot were=aged
-eight rears and eleven immonths and were- the oldest pupils in the age group. =Whew it:came

=Th--_measuring--areas-With_thersMalli-carthOW tworof the-
seven were suecesSf u -andrboth:Were -at- stage111-13_Ein the --coinPa risen of
areas and -in other tasks given, -Hot hi-_pupilswere --tedarded by their
teachers -as_ able_ children. --Three-TUpils-at- stage-B-113rin---cOmparingareas
were unable to make any attempt- calculating- areas;_

-In the =next- age group,_ nine- of= the-fi fteeff-Were able-to- express the areasof the-shape ,in_ square `inches- using the -ruler. All of these were at =stage =MB in -coinparingareas and -at :a similar -stage in other tasks. v$even ofthese subjeas,iandno ether-child,atthis=agclevel were-able:to-express theareas- in terms of theTuneonventitmtat-men-sUring
instrument. Their= only

difficulty was in =knowing =what= to =call: the units. Itgala-in-the ten -year-olds, -eight of the fifteen pupils, all at stage- IIIII in the-comparison of
areas, calcidated the-areas of the:shapes iniSquare inches -using the ruler.-

_Moreover, all eight, and-no one else at this-age level, calculated the-areas
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in terms of- the unconventional_ units. -The- other seven- of the ten-year-
olds, all at stage-Up:3 in -comparing lireas,- Isere unable_ to =calculate the
areas of --the shapes using either ruler or small

When ne examine the number- of pupils=at,,stageil_1113 in -the _task in-
vohving the comparison:of_ areas- and the,ninnber _able- to Use a_-_-eoriven-
tional, ruler -and-an -unconventional- car& Ao !measure-- the-_area: of a_:figure-,_
it- doesAippearth at there has__heen -too muchempliasis-on=_a-rote:procediire---
in Vov ing- ncasurin g_ the =leng th s-O f the sides= of_a-- _sginfre =_or reefangle (in-
the=saine_ unitS)-_and;fihding- the arodua,-,Mcd--ifiStiffieielit=practice_- -_=inAnit

---iteratiOn. wilkibeannir eeinted-Aliaf
_,===under.sland:Aliat-thefirsna!offa=- u: tie = or:Jett-mu, hiven=

-e 111141iought on-Len a

Ri'eL -SS ho= c(unecl to -Ii

--=

i- nfiniteTsets-s-of=lines=vit Yen arAo

oEtin.t-,0
= -e

e-q-ti a 1-49_- 41.

intelligible if the
-=

itteie-,=u_idenee;T ===

rit-,4tage- B in --tli6n-tit- -k-liniliig--rflieX01-iiiii-iitis_oii=of=iareas-iy_ere--una kilc

to:-C:il-ettlate-,the'arenswf--the=f-slitilie=witli1010.5=*d- i i==tnioni-entiinfal
_as = -too- little_iexp_e_rie-nenAlii(Lbeen-,:gii-r_eii-- as..3-rei_on(= W==fiiiit

CONSERVA1710N of T.E-RUNI!ETER N-CONSERVATION

AREA -A-N-D_ VIC- E, s _ _

Itinzef (1968) -has defoihe-t w o e_xperinent s
the difer ehee- -between= -_concrete -an4-fot- inlkope- rati- inartlttght=iii_Jhe'
spaticil field. In=esserice,-sUbjectS,Were__=presenta=-With=the4611_6_wilig:

I. -A wooden- board- fitted-rwith_n arranged -- in

-they -couldi'form; of: it -s-quare=or-rettangrezand-:-a -square
of side 25= cm--beiligAnarkeid=_coutw ith-=-0eavy-blEickdirie=- _

_

The sh6wn-_thiSssquare-With--lii clOS6thletigth of string=
around:it; the string was_then Jno-yaldiiforMiln--rtiirh,_-_a- series- of
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rectangles. =_Siititire-laz-r=lieeameAransforinedInto rectangle b, the
r_Perimeter remaining constant -but-the---_-aretczenclokthby- the string_

= si _ changed. -($eta:fig.2.)_

Fig.3

Threo-,hypothese.5- vete-Impose& by _Ltnizer. First, ubjccts at the
stage of conercte-operatmnal t1iüglit would conserve both j)enmetcr and
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ItIld 0_11_11S Side iii t]o' pl'011e pOSit 1011 I see CIL!. 61- LIa_CciLil_011''S1(1(It On tlieltalitr-wwitApy:tutontohile with 1101.17.unt:dfflin-qpittifitoArbuto olt:tlit\.:t1 %stilt" (It hel* slifel)fftrIWWWeardWa'"

t

16W-Rt:Wf.clatnliailer-Aff956WroiAlrittrtlieltittipnitiftWffentilifinin
,ylitosWifirtniiii114-644roirioiftittimdfwittreliffli-elvffiataatipHS1

ext)-eriVe I.,ce1,-: that while tifffe--rilea,
iccluirertzgra-duillly, they come earlier and \vith indi\Thitilil &lifer

cnces.in re:Teci. (It tt r 11nil ,,ituation than the (1encva ,iigg;est,

Fie t.

Alter the children Were shOW11 the illmeri.,11:--.,0)(1 this wIls (lone w)th
11 earl till' inateria's were vetuoNT(1 :In() Inlltil, wure to dr:tv,.the -horde: 11111 their contents. completed in hoe November

Dt.ut.inher of 1969 '1111. re:Ton,e, could be (liviile&-into thc
itugmibdirtitedibulow It will lie noticed (levied---titg-6--for tin
ittraWirig-oikett_61-_--41),oille :mil its contents. wilurew- itiliZiat-T. :110
;-;ine,Itirr-tE19_68_,Tgave-:-4ages cmbracmg the of the -twc
and their catiten,

Prom.' botil

`Cage

Stige 1:
:';tuge

No riognisible bottle ,iodic
Correct bottle 011tc11e, lint entirely 'lidl or empty 10 Ii(pM1
(lorrect ]tuition of bottle. hilt adhering to the 11a 1of the b(tttle, or to the top, or 1(-)itioth

Stage U Correct drawing

r

No r('c()L0.111,uhly hottleh;tpe
St;o4e 1;uttle in model, 01 revc14,(1. but full or cmpty of liquid
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nothing to 't4wiethe yxoenilient In OIlY 10111) 01 to ungage, (Hib-eraWin
Ill liI\ teltulituation Ill It would tend to remind the pupilz-,.01mtile
model:,-1,1tesy_Arm,-11k, Intve ry:t,:on to believe di:It the tctntlier:-.
ol) eivedAntrAreqUest,

At tirmen_A-a-Lt tnd the 'ginning 01 June 01 1970 the same too
invetzLtiot..-4Altiited the same children and isklH them to recall 1111(1 (11,-)\\

11(1111(1:-. The fiL;iire, p.1\ en m table 4 show the per
ectitage6111)rtrik ItO It the :-,',1111e level. or

yxpyrnnynt. wt. rained out hho:Hlly -,1ipportt.(1 the (;eneva 1osi4

!Ion In 1.9A.rt to ineilwry ;111(1 intellp4ence But this 1- not exactly e
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It may seem rather contradictory that (ienevan psycholo,rists should hx
interested in the ac(ittisition languagy. l'nnz.et Illing0i-has aka\
-4..fesseci the fact that=111,,uagt, Li NI maw& !,. ratheMIratv

atsouree-Kand_sifict-tt-t-tiev_el_opmettMl tlrc u li tl_PAMI_ "-- nu].
e5 df1 m-b.,--iwirdwervalittitmatentiommIttn-gtrae=_E-venzt Eo_neao
Tublicationdiethanytta- mortiffh-rw_h=Lo7f-ilk (Mx _a92:3

Ittitirfirezwortilitargrarianuthmtittetlitz (1T(,, not iio flt.aMtlia_tatittit.
ae accordiEtturitnitto_rtantst-t!,-t e, 1;inuti: II c Wt-t=.,-thenwstudig
thougliOhn)ugWhu-verbuizinterch;u:,(. th:tt take 1,1:tcc. ;tmongwaldrem
dml hetw,en die.elyild and ;HI ;Mull. In in, ltttrr w()).L., 10' toun(kmetitod,
1)(.tttmsitit-cd!ttalimp_ttrijosv. alt1101H1 (11:[,I 0:1,11(.. Im,twcen child ;Ind cxi)ui-
rntAltcTrzztl*ttv_.saaltT_yEaapatt

Wysta-alt-Mtitozdalfroncd luni.;o;te Iron) the central position it 11;t(1

occupiedmintlummtrd,a01%-0,:e who wonty(I to ,,,tudy thotnLht. and it \\:1,
It Of :1111Ill'Il

more general cattaci that of 101)1.(1,(1tzttloit or the sviill)(die functions,
in lac ini('idiezo_fEtttmsecon-dny_ear-itwa-numtiemot-ttiffurcilt

b-eiravi-orc (,,sy=i4Lo_liplaydeltirmtiliMmthitrt-ifezab-s-6n-tt_rcitallrelmocie 1 ,

=tnentaliniia-gesetell. Hoer - s=emi rditto-ttrip-oTeith=aClanguagezaQ_quisi-
AititillitifftlffrIforeA_011ommt exaMevelDp_ment=aszthelothc

amiestationszoktlicapnWilicafunction.IreigoifiW=53u th-alatigu age
a.avithYstgizisrtiM7s-ayTsymb=ciiWrathrivelriolteT-,-efill)la nee to, of
ollierAiliksArithmthe-oWt-flutdrexEin-tgArqrayttilTolin,

Ott-AfeTaHr4liandibecati,-azoilthepectactiftwa-chieveynents of a linguist,
Chomskyylanguage is now being reinstatedmvtlte key to the understand
mg of human thought, Furthermore, since it was shown conclusively that
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langttage-ould notpdsF,11,1- ;LcrItiiii'd in ;ill it
Witsatirelthird ,Iructure4- noist thyrefore

r&flitir-s7aetnynarialaxica n th ik(..i(1,-(witersmarctriqi(.:(1 (

en_emto_.-.3ax=t-wRielsmuchpanisk-v---1-(-7wattot ii,it t, hiakinwp-o-sAbie I \
ofirangua-gaatitin-A lisnAcifffinralPiagaian

oweremtlevir&Ilimmporta-nt :(11 1 )(I 151:( t
Theorly,-Iymw-acveral-poinw iii con§l tiii I ()t ll melt aru
.1)0111 arcninttreAttln_tr stritctureavit 1)(' 1(11.111:111Zt'l1, 11>,t 11

tat' (1l'airittr-__Alifirctomp_etenemra_t im-t=rammilb-periorn I a ate, :\i it is
t i11,411--(cirtiiwskTy; 1i =t 1 t i>' .iiiii-arttailkt-a and 01(
1)1.11(' 111:t111feS -atiOl IS of the---,y1111 i >ln utetaxre itar-beeonittnuel
Ill ,-,\"Inholic iinages.sywhols inFiffeDminow aor hut thp_ystio-mov form 1 ,v,tyn) I tIII,Tht!rU, ht contrantttin_e(
intd s\styni.-at ;iiihowz11 it I,. on the 0111 und. w,lyz(&repre-TientiTlg
wit:it known, t IS, ()II 1hIl' ()tiler 11;01(1. ol)jiict t(i=hf.icittcrkirti _Thu

ihfuli iit :111 ini'(i101L-14
,r;uunt:u that will titi:ildc 1)1111 to colistlIn and understand :in unlimited
nuinher of ,entence, neither toicrtie in tifin,..m.:.ds(., that the 5tu(1-%

Ittnuturftf-ttattiv-ition cannot-At. undertaken itralivatire niannyr as that
k-tit -at aid '1W 1 it 1, t 1 l I ,r2., \nig>,

in the
collegl'itttiviA-titainier iii whiPit-Pii\get 01 other

hit v.(111 0,1' 1,.% FIL,Nr.\\.,.mk N l': X l'1:1 NI V N.F..1 :\ 1 ET HO`,

Co:11c V;t11 10:-:(:111't'il ill 1t11'."ll:P.`' h:lS IS 111W-1 I (111 ('Cil;1111
111111C1rtik,s. Thy IY,t, one-

It not littiLluitLiie that explain, human thotnrlli. but rather eognit
bi=tterns iind operation, that trill eventually rovido the ior
explaining hinruio.o

2. It is not desription of a fully
.

ten\ that will throw on meehanisins inaivitie
model fin. conipri2lienstpThEni'aproilnetion inechankins, lot it
\einet kno\viedge ofttirmipnwpropv,,,: c>i aciinisition that will elucidate

Ow functioning of ,\--tym. This functioning of the
not 1>> he erilateri. \vith se'arc'h for the 1.--ychologiYal

ntrtors that (Ikturt "poform:titce (011(.,01.11,- the 111(.(.11;Lni,,111
tlirml,,211 which 1,100, per( ormnlice under optinial ei>ndition 1F
ittlaincd lin compcheri,ion nS \Yell as in pro(,Iiirtionh Havid(J.
till' Ha catked l> deficit, ill perception. inmory. attention, and
Si) on,
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liit('t ly ir(tlll liigtt_titi-t&'ii tziil
1)b0t11.0f w1i1 it t\vu 01 1Lispç.t.:

1. Tli developntii ti' Liioukit=i-afl autonomouproc&. ii I at 01 -==-
tht'ymbolizm und

2. Tli structurt 1 adiiitiTiiiighIthbe uitdertoI only tluaulr-th'
siudyofjtcrinition. ti tinnilivu lY\'('l(tifl1efltjfl- .

the ekild,

lI(t\Ve'Vt'l', 0111 gUliiilg ja'ineip1eido iit inilv that vt lnivt t rL'luLtion1tIIIIIIIIII -
it liutIt toivail l)tilCii:ftft'. \\( ('H t)liilh (lit 10(1 tliiitk tlntt hiiiuivagç

;,('l1iii-itl(.tI( tv titt ltt'" ti l'011iti\t l'\'t'ittlt1i1(ntailo11.
I lit' t l'litLureiiOt guaueJn-tI i 1st i'eutiv :ilt UI lii lt'qItion rnodL

Ihiis li1ttIC ('ttiiVlt't itn' i' (It ((((It' titit Itt
.till' CX) IeflUIefltaL1iRt1Iffdi'. \Vt n' \'ei V a' ('(till I 1)1)1 itgiii1wr*rnt
tlll'ul'n (Ill iiciiiiion.atil ttiii' exlclilnIat ii tiili iie tllI\
niiit.. Fhi' li)tt 4iiitQ liilv tit ((ii ill ''Ti1 i' a
lnL'tetral tlo'sj l_jEjjiiIitl't' ii, on tl ii_or;tI iiTti(.(1I-

in vih lrn1angiiaio', 'V('l)lI rojet-u lu tiI1 iiiiij e:u't'itl till
;iiitl it i 1(1 1j11 it L'Y liiti'e dan -rn_iiln'atioii jflitt' iniplicatittlIs
\V( sit ill (iuiiiilt. hltt\v'\'t'i', i),lttje ii'i Huh' l'XaInples, H)n(i'tililh
lotte itt-itoIIJjetflil litni 'tin nttthis,
\\' tr' tiirinieite 'ttll1'!Ieflio1L:h tvtil tl(tllnt'til(Ii, \\e sitoiv

t:ull)iF(_i)tllmfl ifl dii htlluiiiiWtrv ii ('xltIriltlItt.'t' ltl'ntnun.l's a
vii'lnjj itattIlil u'ii as ''liii ity- Nil ity the iirl' t. nil tile chill
i. 0-hill Iti-tjilt.itøtt i1'-ili', 11 Ihtlllliti it{9''s. In itnlnv \Vly, tins tt'eh-
nitiUC N sill 'riWflt hit (tIlu ill \\iJit1LtlflUbjt is i-hyl It t'lioosc''tntctnp
tit'tiit'es, Iii s'rril ti' ((Ill' t, ifuictit1roTli'ti ittittvt'sttitl tin' utter-

alit't' iii Iii till Ii -t't'll \\(V I i1'[F=w(-Ctflhlf1=-flOt ill"' Il']tl'('HiIl el tjtttti'iillv.
00(11 eltkitie1l' CiVil) ltvlttu',

Iii tiii tittlt)'iittil t:tshs \\' ny to tlit'it i ielt:till i't'i'hal tittulil hv
it 1j!t Iit,ia'riilonIcl' ill1itt.l titt ',ti'

tOV. 'O(lll('lll1 i_ Wiis1y.,iry niuth iioi e IllhIioL m=uolv Iliw
oiiir1wm-i on. I n Wi1mot al 'v \V tv s

dHbingiii evtlit. lhadinjetrs a
ic'l)lat--1 I itYittjii. zuuk. lu''.' doeone_gt 8Iill uht tniii lila-

tiV( (iahIJiii a iti iIüIiibJCCt$. (tile siluttly ix-
IIt1nIIUd iikifOriF] 01 nr11Iiiii"!)aurr11 - lii1 Itt hilts-i-
lilr I)eIov t1lciItIgi t)1Pl iii! , ti nitih&'i'uie '1(101 giiigtia1 tei'lt l' ii(\'i
IJ('fi'1jëiIiiiii11jl Iiiiith \1t ellIhIttI, Ill LiIlUII , ttcj(j!I1OflhI3t llltltiitlic'a I'-
li1uc.ftftafli OLiN- that the t'hilht'n Ill 1l0ltbitlL=of pçthit'itie till' tilt-

till) I hUN-hull. \\' alt, iN-Novel', l's 1111111 tti it Hll't'ess
ill l\'I' ti 'l'Ctl in itlliVli1. l0-'itlt'llh\', tot' 1111 itit ittt'lN-ht'l ill

203



getian.-=Reseatch iillleilifeitiatical Education

_LT ong-sthem
ruetionswa-n-donztlitHeas_e=otreornprelien-sikinatad_.

--roportitWilutronnewinfiqucs_tiorraKo w-Teent-:2neeetiff-arl_greovl I ,ttiit t-
_oinnenFaiidEnot----stmotlier. or tlittt of a ti(m--txne__-_--afzetror_-_AliaMstenisi to(f('-rw_afro tireptek-eili.nganie.
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Illative infornRition. 10:4srniore than coin
reFp_on-dinp-uttimm (111 1 I itati vezin

Ili-cettanrcas- tlf z,ibiltiten-an. 1,() tomrepktiMsoiniithinattlie
cs )ennvntem lasa4iiisinzazeoifte_xwviiermtlievh-avioxmakeztin.effof&tv

eritand--=IFutteranceToitAtis atre-eatointitititeltoftififorirareont
,prefmnsionEfattk-wyma-w -Uw_mlitt-re.r.s:tiiiib-domliE

i fliatliemtoyintere.;413,- s :

.belostliese-m)_etitiolwoitett-reseililile the ntisAversmvolitz-titadrt I ro t lily

11:111t on tileAittuliir_ciavti oft, that
( e qc'.1-iensia)-ras . A c 0 1 vommx6fAvar fit) to_ii I I

t I ree-task-,..-mt wrefur0 .tiften.frun Iiiri(1 .ffliNWtitrtl)( t 1()1) Am.
pi 0 \ e;4-0Atitt (,(,k on.illenTorx tilt 101..

Borore4gbannimmuiliplE-oEG-enevan irolanguake I shou l(
iikmtomitritlfaultYl-Vt#teittiOrrtitIr _tertWkat (mm-r-Atql_0-tcsiiiit -to-11-(q )

t

fe8Sirawticeii intexpreteilibiigett and t itiAltargin-kge:11.( 11 ti011
if tleAatter tortakr7plim. continuous, direllanianocr without
alivAit,:cernible stages and. espeEiliiy, if the main litiguisti( st: in tines ur
Aihnrffent., :it about the :i (AA:ma:4-1s often iiiaititninctl?

Thert"it,., no language in 110pyttpt.r=4ense before the culmination of the
-,('Ilqorlinotor period. Communiration. 11()WCV1'1. trims ri:411( 11.0111 1)1111

of=diT41(' NMI :i1111)1(. sip, aIlinn by the baby of pl'e:-TlIt'(' II)

cl' -=1 !.}()fl bcc(UR 1111)(11;ll': (IHIVSS SI4
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11111,,s:ulature,
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.IttO_Sositeal liaritteristirs tin' 100thor tongue, tilitter--ttio influcticc of
many -iliffertit factors snub as the devolopment viffreeQgnition-,thertiory.
:ttl(ffftittii Of a sitting buoitioil which the nfillila-oil
another person', inec, thin lij4i.010itigs of imitation in-littoprOteof---rt
uodul, sensofiniotor -.Atot wee]: sight and liewnifwAvAreifit)
flout of the linitallart-orni thezIips.Tete

Witch the attittisittottf=-= object .pertinutienty ;Ind the first grouidiko
. to st ( :1111 0:i t

n0 t elfailittewatu Lan s t1 t _u_1 c :t note
ifmatmtig4M1):;., tollimkmffl, 'and nots:011hwtiiIK. to in iroicted.to,
drvel0pItittit at till' smamtIIII(' 111 CCNsittilffiVOille kind in reprclitiition
and nialcc., gv:4( Is, atiroirwitthWthillg,. t.:0i_ttit
,iihstittite at Hguitini. ;tc.(1 objiett-7=1:kit-tiwi.t,ziortoittpre--
hensible duo the -e re:dittos have first to it ljl #ieii frsitaViit-Wan
CNI!"),CIICV (11V(fick'(; 11'01)) t11e S.1.1i)jecrs :Iction:--ibelOru l i c:111 liti(1)).1-
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presented-to-hint In the first tWo:summers-of-the-project-when-thefirit_
tr.; Ii,progrankfzfor:=kindergartens and :first-grade -were:being tormulated._-1 _

niter-ieWed -many of _the:children-inform:illy-. using modified-Piagetian:
--teehnignes.--to assess=thelevel:Of understanding_they_ brought -to -the ex-
peihnotal_program_antrie-d--to -Obseeve-lhow they fnactioteil_ln:it. la-
the--fall- of -1965-the program zbegan-in the ,k indergartens- and_ first:grades
of,--threeCaliforia-schools: _= -=

--.ttomeivhaVpriortatherde_velaOnent of -the elS program. the_:Americaa=
Assocattion:=for-the-Allyanceinent_koPSeteacel had also begun to
(hevelop a science program starting in kimmdcrarten. slatwoprograins-

nt -eontplete_a
rtr gr e ottenu eenprogram . formulated inen-wlionwere:tlicii
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space4imerelatio --classiivin,=conam- neatinginfern. agand=predietin
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_

contgrit= [iiahsi -of =the lei lama _=r));_oVit for the
grains-Aadicat4WStiate=diffe_r_earCL_,=:K

_or,Se_18,---:tising-Tiagetttrinhth10-* )-ercenywere- :coneerne-d--mitliithes---

akatelyililpire-e-ntdealt
-= the-ttpproXiniately- f:,m- taatcdFi:63-111-=time = -e:of-of-155:_percent,to:Ah6-=

, . --
19givi zovirelatams7.alli- tr-ZMpclreent-,to-11)1111Oer. -- 13atir programs7gaVe-solne_

sattention=lo liavhi-g_=the:rhild:berolne aWar_e_=oEhis=awn-ithouglitxrocesses-
-- thiltTuglr-eXpl-twing.:prodictiag._=-elfeekin-g-.-inid,=-cha-ngiag.,crite-ria=for-gcoup-

--ing. __Both_ involVect- sthne-:opporttinity- snataipalatiOn-lif
SCIS

Themis_of:e6nrse-no=gtat-rantwlhavtite clas-sroonLexperlenCe_oEtItedik_
drea-actuallY reflects=these-=cmphascsr poSsible-tomilvke=a-

time -O---verlfitLinteraetion-oftlie-ditssrtionfta-detetinine:this.
-Both:theseprogranwprovided:eonsideroble-coatrast=tathe unsysteinatie-

sciencT, experiences usually -provided- iii:ki-ndergarten -and-first-040.= a--
seenied--ipossiblethataiore than usual -experience in-classifyiag amt.- to a
lesser extont, orderinganght-resalt ilt:earliere-onservation-._ or-it-might-7hr
some-way_modify the:patterns-that:had appeared-in the-earlier study. The_
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total scope of this study is indicated in the table on the -opposite page.
Table 1 shows the number of children who were in- the AAAS and SCIS

programs at the beginning of _the study_in 1965 and who remained in thein
in subsequent years. Note that these children also had-the Greater Cleve-
land Mathematics Program (GUMP) and that_ a comparable group_ of
children had only-the GCN1P program, that is, no science prograin.

The program marked "No prescribed lessons" was-selected to provide
a contrast to the programs where the lesson plans were specified in con-
siderable detail. The curriculum guides-tor this prograni, which had been
pien1red-b3r committees of teachers and supervisors and were intended
to meet local needs, recommended -the general topics to be covered -in
kindergarten and -first grades- but did not- include- any _detailed sprescrip-
tions for teachingsuch-te-pics:: _

In the fall of_1966-another group -of cliildren v-re-added=_who bnd come
from-at-kindergarten_ program-where-they-had not received hist:net:on in
either inathematics:or:skience. of these classes participated in the
SCIS -first-grade-m(4r am. All- of them received instruction in mathe-
matic:3r- beginning in first grade, No --one_ textbook vas used, -but the
program can be =regarded as _comparable- to the Ormter Cleveland _

Program.,
The major question -raised- study_ was: Do-children who-reeeive

systematic instruction in -the basic concepts of_ matheMatics and science
when they are in the-kindergarten think_ more-logically-in Piaget's terms
when they reach second grade_ than do children who did -not have- such
early instruction? Obviously, an_ adequate answer to this question re7
quires that-the samples of children representing the various programs be
comparable and that the -teaching in each of _the programs be congruent
with its aims and of qUality_ comparable -to that in -the other programs.

The published report (Almy et al. 1970) goes into these details, describ-
ing the intellectual ability of the children as_ measured by the Peabody
Picture Vocabulary test, the occupational- level of their parents, and-the
teaching as observed by experts_ representing the instlitetional- programs
and reported by the teachers themselves. As might be anticipated, the
evidence for comparability of the groups is better than the evidence abOut
the teaching. Accn=rdingly, the answer to the major question remains
somewhat equivocal. l'i,,Avever, the picture of the thinking- of second
graders that emerges from our interviews with the 633 who remained in
the study -to Its completion is not equivocal and constitutes a major
contribution of the study.

Each child was interviewed either two or three times, depending-on-
whether he was in a program initiatedin kindergarten or in one that did
not start until first grade. Each of these_ interviews presented= the same



TABLE 1

Experimental Programs, timber of Schools;-Glasses and Children,
1965-1967

19654966 1966-1967 Fall, 1968

OCMP-
only_

Nor Pre=

scribed
Leeson.--

--ProgrsivInitiated=inKindergart441--

7 -169- _ 8 -105 -11 94-

159 1G= 116 :13- 79

168= 17-- 143_ -16 -122

1G 18141 11 152- 14 136-

PrOgpam Initiated in First Grade

SCIS 3 139 15 -115

(Math)

Math _' 2 -8 113 14 87

Only

sbees_not include_children in these classes enrolled in ,public-

kindergarten, but scheduled- for -first grade in parochial school.

b=
-Glasses include children mho had not participated in program

in kindergarten.

°Glasses include children who had not participated in program

'in kiblergertin and/Or first grade.

223



Piagetian Research and Mathematical Education

conservation tasks that were used in the first and seem' studies. described
earlier. In addition. we included a class-inchision task as schematized in
figure 3. Procedures for this task had been developed for a training study
conducted by Paula Miller t19661. so that normative data for kinder=
garfners and second graders were-available.

The performance of the children in the successive administrations of
the conservation- and class-inehision -tasks constitutes the longitudinal
data for the study. However; in the final. or posttest. interview five addi-
tional-kinds of tasks were added.

Our intent was to provide a battery of tests from which sonic kind of
-index of logical or operational-thinking might be The criteria for
the selection- of the tasks_ are described in detail in the published revort,
but if is well to note-here-that the-procedures were standardized, that they --
had all -been used in relatively-comparable-form by reseochers other than_
Piaget, and that-normative data on the tasks were available._

Rear in mind that in _the spring of 1968 When this battery was developed,
very little - testing of the same children tvith-ai-vafi'ety_of Piaget tasks:had
been reported. Nor had-there been much of they kind of exchange between
Genevan and American researcher's that is currently going on. If we were
designing such a battery of tests today. we might select a somewhat differ-
ent array and use somewhat different procedures.-

A set of -serial ordering tasks were posed. with two sets of cards picturing__
nionke_ys:_ an -balloons and--two sets picturing knives and forks. i_1
schematization of the task.-appears in figure 4 tpp. 227-2817--

-We-tested the child's ability to grasp the idea of transitivity by asking
--him to deduce the relationship-of two black sticks each of which had been

measured against the Same_ blue-i,tick. -in -each instance the black sticks
are presented in the context of the Mahler -Leer illusion. tending to mislead
the child who relies on perceptual cues. tOne child described this as an
"obstacle illusion.") Figure 5 schematizes the tasks.

A set of matrix tasks. taketi_directly from Piaget, Were-presented next.
Figure 6 shows the cards used for these. However, it is difficult to tell
when a child may be using a graphic solution and when an operational
solution. hi view of this the Genevans, as we lettrued from Dr. Sinclair,
regard the matrix as one of the least good tasks for appraising operational
thinking. Accordingly. we treated the results from these tasks quite sepa=

_rattily from the results in the othertasks.
The final task in the posttest interview is schematized in figure 7 tp.

232). It deals with the conservation of weight.
The categorization and scoring procedures in this study were similar to

those used in the previous studies. Essentially they consisted in weighing
the evidence as to whether or not the child was thinking at an operational
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CLASS INCLUSION TASKS

Task A: Fruit (4 plastic banenas,-6 plastic:grapes)

Orientation:
GROUPS_

IGROUP:

FRUIT.

Task B: Wooden Blocks (6 blue and 3 orange)

CAN YOU no sae WAY TO PVT TWOOrientation: E OBJECTS INTO TWO GROUPS-

WHICH BELO ON, TOGETHER? Pm= OF THE WOODEN BLOCKS-INTO

ONE OROUP.

WOULD_A TONER'llADLOUT-- OF--ALLINE WOODENILOCES-BEITALLER =

GOCSROREEkINAWkTOWERAME70WrOV-ALLA'kE=BLUE=BLOCIES?

HON CAN YOU TELL?

Fig: 3
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MATRICES

_10i_pp-.-_16041-froin- =The Early_ Dry irth of:Logic in -Mc Child- -by Bathe'
Wielder ari&Jeati7Piaket-F,tritrislitteillWELI-A-.-ttizer=arid-a-ntpert. Coriniglit©

-1106,11n-th-e-Xnglish ztrauslitticria*JlinitledgefiAie-gan =Paul j
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level ihieaelt of the a set- of tasks,-and then__ considering the evi=
-deuce for the -entire set. Eventually we-arrived at,__a simple 0 (not, opera-
tional) -or -1- t operationall- for each of =the kinds of tasks-. eonservationof-

1 '_ntimber and of_ weight; class- inclusion. seriatfon,_reoriering_. aial-ordina.

25
- --- -

Fig. 8
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of ordination, and to accomplish-both of-these Ifore they could -reorder a
-series that haS-been-scrambled.

Thwtransitivitylprobleiniinay_be-regarded
as -a problem of striation type, successfurrsolutian_folloWing striation_
and ordination- and possibly -reordering-, The --transitivity' problem may
also be regarded as an extension rif-the-_-conservation:-_probleMs
theiconseratiOn

ofziength.:=Stietes-sfulf_solution_r:of=ther_iricInsionEproblem
represents- thelnost-advanced_-sot-ortlassification.

= ___- -
On AlliOretical=basis, then, onermightexpect=ltyfind nn-=ordering,oFthe_

conServation -and- sena bon nds-.ofijasks,=-then-, be-al) ei-ow--n-_einpirical_,
-==b-asi-s-ftiiteonil;WeI 1-1-eSeinfdft-4-W V1- e c

= =aceor in
c I. e_ )er ormance_o le=c111 dbent

iretionniiant_ iatterns
'

patterns of ii erfOrmunteiare4 o c. lit / children_ in -lie
-.whony,-,comple effaval different- pattern--

_ appeared Of thee = patters
o

_ thin in even ente-c iint4 I---7puttern- ente --o )critiniia t - thinking a ppe

=

_
lers r mucit atternsA o era

11-einserV&Ioniof,,number,andffAnan i
:041t010-400_ertiti_ontilibri insordiniitiOn c Ildren-;-_-4)

tiffiff 0:0 0_:=1upciational=iwbo :con ervationto bi iiiT er -an
weigbtl-,-IshoWrifby-26';childrew o fer4Ufttern§-appeAre is = f_reclucntly7 as tlitsd;-

Ih-=-314--eaSes_tWpalt-011.4=conforine lat--nuglitliWV&I-leenrc*ece
on the hasis-oLthefSoillitficesn-desaribed=:aboxej

treinaiiider,_WV
_cliff

tasks-wheWthephifd-notizbeety:scO-reiVasioptrationnllinleSS=diffienit- ft

Attenipts-lo=order-thein-,3eitlicr:witIthe_Aiasis=wfitheorroV,_einpitically-,-Were-
unsuccessful,-

1

Considering--ethe-narowAigc=range_of=theigrotiW,:jthwgeneraleunreliability:of
performance_of=childreWthuicrthe-lige.Ofr_eight-i,arfittiwitiel-usiOnn-Wfourkinds

ofloperations-intheinittcrns.--the-cmieetatiowOrdrderilig-IthemArag,_
perhaps,funwarrinited. Thei-Ustertnrrelkitiis tphi deffiCientivatining-11
tasks -wereloW-.Alie_largest

beinw0X-betiveeTeoliserA;_ittioni-614anher=arid:
cMfiservationiof weight. --T-Th is- sugostsE:that-ifor'ssOenlearolds,lherrpre=- _diction of a woptrat ioriefrespOnse=lroin=on-e-LtaSkito iamithethittzardettis,_:
eYen -when

Alle--tasks-bear7aSielost=a=thetecticalitelitionskipAw-ofielhotlie- r:-_as do The two eonse&qtibi- tasks ofthe-
1. The reader icilinote tliut else=total= niimber -of== cliildren Amties -soine_--of thi_tables-. This is beenuse,ome

protocols-had =missitigiriformation-afid-=couldiriaiht"-ifSectin- all-of-the-analyses._
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duction of mathematical and scientific concepts in the curriculum of early
childhood can facilitate the development of ltigical thinking. Such intro-
duetion is more efficacious when it occurs in kindergarten than when It is
postponed to first grade. However, experienced teachers familiar with and
interested in the elementary concepts, planning activities around the chil-
dren's interests, are as effective as teachers who use prescribed lessons.
(I think this is in= line with the analysis of training studies that B.eilin
has made here, suggesting that a number of kinds of training may, Muter
certain circumstances, be effective.) W don't have sofficiek data to prove
that this is_the correct resolution, bat=h seems to make =sense in the con-
text of the development of logical thinking that we have inferred-from the
results.

-_

Pibget has postulated an integration of-the abilities involved in classify-
ing, ordering, and conserving at about the age- of seven, when the -Child
becomes truly operational:

It is remarkable to see the formation Of a whole series of these groupings
by children at about age ,ieven. They traftsform the intuitions into operations
of -;111 awl t .4ain the transformation of thinking described- earlier.
.Above all, it is stoking to see hoW these groupings -arc formed, often- very
rapidly, through a sort of total reorganization. No operation exists-in an
isolated state; it is always formed as a function of the totality of operations
of the FallIC kind. For example, a logical concept-of class (combination of

mind 'anis) is not construeted in an isolated state but necessarily within
cl.,.s.-t-;Leation of the groupLig of WhieVit forms a part. A logical family rela-
tion (brother, wide, etc. )- is constinited only --as a function of a set of
analogous relations whose totality constitutes a system -of relationships. Num-
_bens do not appear independently of each other (3, 10-, 2, 5,-_etc.); ,they are
-grasped only as elements within an or lered series: 1,2,3 . . . etc_ Likewise,
-values exist only aS a function of a total system or "scale of valnes." An
asymmetric relationship such as B intelligible only In relation to the
possible seriatim of th?:-._ set O<A<B<C <D... etc. IV'mt_ is even
more _remarkable is that these systems of sets are formed only -in the _child's
thinking in connection with the precise reversibility of the operations, so that
they -acquire a definite and complete strncturc right away. [Piaget- 1967, p.
491

The to_garrelattous-among the perforniances in the various tasks in
our study simply do-not support the-idea of integration at age seven. This
may be an artifact of the standardized procedure, and of tilt; inclusion of
children who, although they were in second grade, had not yet reached the
age of seven. Nevertheless, the rangi, of tasks presented and the number
of childreni involved are sufficient to warrant some generalization. The
child_ beginning second grade is typically inconsistent and often illogical
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when confronting the kinds of tasks posed in the study. lie has not yet
developed. _or_does-not readily bring to bear on the tasks, the coordinated

=structures that Tiaget describes as typical of the child who has reached
the operational level of thinking.2

The issue here, of course, is not so much the timing of the transition as
the question of the extent of reorganization of the child's thinking, how
it is brought about, and most inni-ortantly_how education-contributes-to it.
Without clinical or qualitative appraisal of the individual it may be diffi-
cult to grasp the "functional unity" that Piaget and Inhelder (1969) de-
scribe (within each subperiod) as binding "cognitive, playful, affective,
social and moral reactions into a whole" tp. 128).

Further, without longitudinal appraisal, and appraisal in the classroom =_
setting, it is equally difficult to judge the extent to which the child's edit-
cationaliencounters do indeed contribute to his thinking.- --=

The clinical approach has rarely been taken by American investigators,
largely because of_ fear that-the child'S responses-might reflect the inter-
vimer'sbiases more than_his own convietions,lint partly, no doubt, be-
cause the clinical interview takes so much time. In this regard we have
much to learn -from our British colleagues, notably among them K. Lovell. E

Their interview schedules, while sufficiently standardized for- reliable
replication, also allow for the probing necessary to -reveal the suspect
answers; For some purposes, and- for training teacherSonany
opportunities to ex:Aore children's thinking in a clinical way are impera-

..tive. _

Under certain circumstances. however, the standard procedure has some
advantages. For example, in the longitudinal study the repetition ,of the
sane-problems and the same questionS tends to highlight the changes in the
children's responses. Given a sufficient utnnber of children, the-probabil-
ities of change from one level of thinking to another at successive inter-
views can be calculated. As our second longitudinal study shows, the_ rate
of= such transition_ can be used as a means-of comparison of the effective-
neSs of different curricular interventions.

One of the hazardS of the successive repetition Of standard interviews is
that the original problems and the questions may not be as effectiveas_one
anticipates. In our first longitudinal study, for_example, for the child who
did not give a spontaneous response to "What about-now?" we consistently
used the question "Are there more here, more- here, or are they the same?"
This standard procedure was easy_ for the interviewers, but some false
positives might have been avoided if the question. had varied to "Are

2. This paragraph was written before reading The Development of the Concept of
Space in the Chill by Lam endeau and Pittard. wherein Piaget comments on the general
problem oi.djcalaue14.
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they the-same, or are there more here, or more here?" Similarly, "How
can you tell?" or "Explain that to me" have proved to be more -neutral
than the "Why?" or "Why do you think so?" questions, which some chil-
dren take to mean that they are in error.

Attrition- constitutes another and perhaps the most obvious hazard to
longitudinal research. In- the first longitudinal study_ over 20 percent of
the:children studied in-kindergarten were no longer-available at the end of
first grade. In- the-second study the-loss from- kindergarten to the,begin-
ming of second grade was nearly 35-percent. In many instances the chit"
dren were still available in- -the schoOl system but had inoved--away from
the school that was=using the innovative curriculum. Tilt rate of- attrition
may =be somewhat less when-kindergarten, which--parents sometimes regard-
as-leis critical to the_ child's schooling, is not included.

All of this suggests that from a practical -viewiMint=thiee years is about
ds long_ as one can hope to keep=a large=scale longitudinal study going.
-Data -for loungSters followed-from kindergarten or- earlier through the
Period-of concrete operations -and into -formal operational_ thinking would
be extremely- Useful. However; ekeeprior_ we study -reported by the_
Geneva group, but apparently as-yet, UnpubliSlied,such data -do -not-seem
to be- ferthcoming, A possible substitute might be three- parallel three-year
studies encompassing-ages five through seven, -seven through-nine, and nine
through eleven. If an analysis of -the data of-the overlapping=greups iridit
sated- -then] to be comparable, the data might be combined and the
sequences -and rates of change derived, as a six-year longitudinal_
Study._-

Considerita the numbef of rather ht g,e-scale_ cross - sectional studies
dealing_ with a variety -of -kinds of, thinkingas, for example, those in
mathematics under sponsorship of PrOfeiser Rosskopf, Professor Lovell's
studies in England, and those he has inspired here,-such as Lillian Whyte's
study of =classification_ among Canadian children with normal and- sub-
normal= mental abilitythe necessity -for large-scale longitudinal studies
seem-snot very great.-
-_ What appears to be more needed attthis point_ is smaller,scale

studies. Some might well be sets of case studies that-include re.
prated ir.:.crviews and also include observational material related to
classroom functioning.

Piaget _has= sketched the grand design of developing intelligence. He=
and his followers -have riow filled in many of the details -of the ways
knowing proceeds froninfantyto aclolestenceAnnumerable rese-archers,_
including inany-Who,--on various_ theoretical grounds, contest the, adequacy
of the Piagetian view, have explored and-manipulated ninny aspects of
children's thinking. But it is not Pi-aget'aidea that a few sessions with an=
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experimenter, or-thirty minutes a day with a new mathematics program,
is likely to importantly change a child's way of thinking. The success -of
any intervention into the child's thinking, either experiiental-or curricu-
lar; can be measured onlyby it pervasive and durable effects.

Proponents of the modern British primary school have, it seems, under-
stood Piagetin this- regard considerably better than have the Americans.

_ Yet they too are only beginning to coma to grips with_the- implications -of
the theory for the -education of -the child. In exploring_pliSAhlities, how-
ever, it seems-they liavebeen much -more inclined= than we-to go-directly to
classrooms-,and--to-involve--teacherSinithoe#1oration,s-

= ---.1etive-participatioiliefteacliersin-planfiiligiicarrying-out, anclevaluat,-
-ing=researclrm--thedevelo_pinent of=ehildren-s--ttlinikitig-seems_Amperative.-
It is- truotlidt

But _ _

our_own_studieS bearWitness;itsiselearlTpreferable--to,experitnentinelasS--
-rooms =wherOthe=tea-cher Is truly irivelVed-AhanlO_drawoonclusions-ifrom
situatiOns-iii*hichtliote-aelicei,partidipationAshiiniinal- or-grlidging. -=

=Supposeitliat a_-longitUdinal= study:orat -least a;schOollear
planned: All--theJehildren---in :a-- giveir elaSsi-inightibe-individnallyjnte-r.L'
viewek-with-the--feeus-4)erhaps'on- arsifigle,-,:but,pivothl,_operationcon=

_ servationAs Or -ty=sample_o_fichildreir:niight=b-e_ More_

exhaustively= inthrview_ed._-_ In-, _either -_eVent4neh-Jiiter-Viewilig-Would. be
_

either shared-by or reported -AO the-:teacher, Ian-if-the-implication- s= of
results for-the planned curriculum diseussed.r:Several Of the children-could- _

then be systeniat"ically- obser =ved gird iiiterviesved - as =tlic- Year= proceededr_in
all instances with the -teacher sharing the-'resultingr_ data. PoSsibly_-stieli
systematiostudy ofa-relatively-sin all_grouir ofs-youngsters:could7alSo-yield
data_ahout individual --styles of eoPing-witliz problems= and- about preferred
waysays of- leTruing. -Year-end interviews= with All- the -children;as--Well-Ta
with those intensively studied,- Would provide-information- on =the-possible

-_ effects of suth---study as -well-as onAhe-general progress of= the _group
A plan of this sort coUld be used -to-investigate a single aspect of the

,ourriculuin==inatheinatics, for example--or, more narrowly, -a.- single
=topic; or it -might deal-more broadly with= -the child's thinking -in various
aspects of the curriculum. For _example, onoOtight to be Able to see
influence__ of Mathematics in the children's performance- in the science ----
program

Some proponents of Piaget's theory- -Hans Fuith, particularly=hold,
that the traditional three:Es:curriculum= forthe early elementary school --
slio-uld be abandoned -in favor of--a curriculum- for thinkingthe specific
Content in the years before_ the fifth=gradobeing of tonsiderably -less riin--
portance than the_ Opportunities provided for the child's knowing,- Such a
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proposal seems to exemplify the "functional unity" of the child; tlscribed
by Piaget, better than do attempts to, tie-segmented-aspects of the cur-
riculum -to the sequences of development.- described by Piaget. But there
is no necessity to take a particular= stance_ on 'the matter while invest
gating the actual inanifestations,of children'Sthinking-in-class_rooms with
varied kinds of curricula.-- The only danger is that-the investigator may
find himself working in situations-where there is -truly very -little-1)1.ov°-
cation for thinking.

Another hazard in tlic--=bbservation of the' chi Id__ in tile classroom is_,-_of

behavior.- -1-,atignage,- franithe-AiewPloinVofrithe,Piagetiani in ay -a-sk_- astn

-slaiwn-.=thlaicaVqtenilit.y=df-Ethelanguage-doe.s=prOvide==soine=elne=tnithe
structure-Of-thought fEuftlierinore__:from.-a-Tractieal-E point=of_Viewz

;teacher-Ins-no _alternativelle-rinfer-ring-the,ehild!ST:knoWing
_

_to lie kno%sn about= the_complesitie

Of=eo-gttitiv&-inthmeti-Oh=in_the::clits_robirCit,==eitrVbOfed_bril-ed=aazniialS'zetk
astlie=pi-onteriWork=-OLinvestignters-stioliAs13-:=D_Smitli-,_AL=Bellack-,,zand
Ililda Tabai-lias=deinonstractUldtitirfown=iitudy Felice:Gordis-lias=shoWnthat

suckzanalysis;can_lbe-dOne:iso_-that-the----e-ate-gories-TatalleLtIthsenthat
are-applicable-An =the-zPiagetititiTinterVies-V-

Tiagetiaii-:interviews,4te_Peated4at-_-itterfa-ls,-_,-sugiest--sonietIting of the
proedss=ofichangeTunderlyingthe-Child's-ntliinking;- BUt-thed-a7ntitil_reveal-
the dynamie_iprocesses-_utiderlying-:_subh-cliange.-_--Ifathe-insiglits=prOvided-
_b3Tiaget:s_=itheory-,are _to=-=beihtegrpted-inWaltheory of edtteation, an
essential- -nest- step-- appears to be the intensive _-developinental
indiViduarchildreninthenatiwal Setting :of their -chis:Sroonts.
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